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ABSTRACT 



In this thesis I prove the validity of Tamagawa number conjecture of Bloch- 
Kato for certain Hecke characters. I study the exponential map and local Tamagawa 
measure for all odd primes. I also study p-part of Shafarevich-Tate group for motives 
associated to Hecke characters, for all prime p 7^ 2 or 3. 

Here is the main result of this paper: (for more detail, see Chapter 2.2) 

Let K be an imaginary quadratic number field of class number 1 and dis- 
criminant —dK-i where dx > 0. Fix of type (1,0) and conductor f which satisfies 
■0(q:) = ■0(q:) for all ideals ex. of Ok- By the theory of complex multiplication there 
exists an eUiptic curve E over Q such that End{E) — Ok and the Grossencharacter 
associated to E in the sense of Deuring is precisely V'- For each prime p of Ok, let 
il)p : Ga/(i^'(fp°°)/fC) K* be the Weil realization of ip at p. 

Fix integer k,j such that k — j > 1 and j > 0. There exists motive Aikj 
such that L{Mk,j,0) = L(V^, A;), (see [5] prop 2.1). Let A = Gal{K{Ep)/K) which 
is a finite group of order prime to p since by theory of complex multiplication we 
have A (Op/p)*. Hence we can view A also as a subgroup of Gal{K{fp°°)/ K) and 
consider the restriction of ipp on A. 

Main Theorem. Fix integer k — j > 1 and j > 0. Then the p— part of Tamagawa 
number conjecture for Aikj is true for all prime p ^ 2,3 which splits in K/Q and all 
p which is nonsplit in K/Q such that ippipy is nontrivial when restricted to A. 



iv 



1 



CHAPTER 1 
INTRODUCTION 

Zeta and L-functions are important and intriguing subjects that have been the fo- 
cal point of study in number theory ever since the beginning. Classically there are 
Dedekind zeta functions and Dirichlet L-functions. Dirichlet applied his L-functions 
to the proof of existence of infinite primes in arithmetic progessions. Kummer showed 
the connection between Fermat's Last Theorem and class numbers of cyclotomic fields, 
which arc closely related to special values of L-functions by class number formula. 
In the bcgining of this century Hecke L-functions and Artin L-functions were intro- 
duced. Hecke L-functions are special cases of automorphic L-functions. These are 
very general class of L-functions which have nice analytic properties such as analytic 
continuation and functional equations. On the other hand, through the advancement 
of algebraic geometry, especially cohomology theories and theories of motives, one 
can define Hasse-Weil L-functions for general motive which include Artin L-functions 
as special case. These L-functions encode an amazing amount of arithmetic informa- 
tion about the motive. Langland's conjecture essentially identifies these two kinds of 
L-functions. 

Modern interest in the study of special values of L-functions at integer ar- 
gument is revived by Birch-Swinnerton-Dyer conjecture, which is an analogue of the 
class number formula for abelian varieties: 

Conjecture 1 (Brich-Swinnerton-Dyer). Let E be an elliptic curve over Q. Then 
L{E/Q, s) has a zero at s = 1 of order equal to the rank r of Mordell- Weil group E/Q 
and 

\im{s - 1)-^L{E/Q,s) = i^{\_\{E))R{E/Q)n J] c^i^ {{E/Q) tors)'' 

p<oo 
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where ft — /g^j^) |ci;| is the real period of Neron differential cu of E, R{E/Q) is a 
regulator term comming from the height pairing, and \_\{E) is Shaferivich-Tate group 
which is conjectured to he finite torsion. 

Bloch had given a volume theoretic version of the above conjecture as G — E 
(an eUiptic curve) in the following generalization to the case G being an extension of 
£■ by a torus. 

Conjecture 2 (Tamagwa-Bloch). Let G be an semi-simple algebraic group over 
Q. 

^ j^jPtcjGUrs) 

^ ^ #(U(G')) 

where t{G) — /g(Aq)/g(Q)('^' ('^p)) Tamagawa number of G with respect 
to Tamagawa measure (a;, (Ap)). Here a; is a left invariant gauge form of dim{G) and 
(Ap) is suitable convergence factor. 

Dcligne formulated conjecture on special values of L-function at critical point 
and its relation to period integrals, generalizing classical work of Euler among others. 
Inspired by work of Bloch, Beilinson viewed K groups as rational motivic cohomology 
group and defined regulator map which represents chern character to real Deligne- 
Beilinson cohomology groups. He made several conjectures on special values of L- 
functions which generalized Deligne's conjecture. For a motive 9Jl with coefficent in a 
number field E, these conjectures give the order of vanishing of L(9Jl*(l), s) at s = 0. 
They predict interesting elements in K groups whose image under the regulator map 
determine the first nonzero coefficent of Taylor series expansion of L(9Jl, s) around 
s = up to i?*. In order to remove this ambiguity, Bloch and Kato made the 
Tamagawa number conjecture for pure motives with coefficents in Q as follows ([1] 
5.15): 

Conjecture 3 (BIoch-Kato). Assume the triple (V, D, 0) comes from a motif. Let 
IXfi be a "L-lattice in V such that 371(8) Z is Galois stable in V ® A.f. Then |J(^) 
finite and 



Tam{m) 



#(UW) 
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Here (V, D) is a motivic pair (see [1] 5.15 for its definition) whicfi is a pair 
of Q vector space with additional structures and comparision isomorphisms between 
them when tensored with C or Qp, satisfying some additional axioms. They usually 
arise from the rational Bctti and De Rham cohomology of pure motives over Q. 
Tam{Dyt) and LJ(97l) are defined analogously as for G above. See section 2.1 for more 
information on their definition and (p (which is a certain Haar measure). The main 
difficulty is to give a reasonable definition of local points A(Qp) for p ^ oo, global 
points A(Q) and Haar measures on A(Qp). For this purpose Bloch and Kato rely 
heavily on p-adic Hodge theory, especially Fontaine's S^is and S(Jr. See section 2.1 
for a brief recall of this conjecture of Bloch-Kato. 

Over the past few years there have been several important new development. 
First Fontaine and Perrin-Riou ([4] ) reformulated Bloch-Kato conjecture in terms of 
measure on Fundamental line induced by canonical measure on Euler-Poincare line 
which enable them to extend the Tamagawa number conjecture for motives over F 
with coefficent in E (here E and F are number fields). It also reduces the verification 
of the conjecture for general motives to pure motives. 

Secondly Kato ([8]) made a generalized Iwasawa Main conjecture which gen- 
eralize the classical Iwasawa main conjecture and Bloch-Kato conjecture at the same 
time. Most importantly he conjectured the existence of p-adic zeta elements (non- 
archimedean analogues of zeta values in C) which can be viewed as "p-adic Langlands 
program" . 

Thirdly, Perrin-Riou ([9]) has proposed a new framework for defining general 
p-adic L-functions for crystalline representation using Bloch-Kato's exponential map 
and Iwasawa theory. Moreover she established a direct link between Tamagawa num- 
bers of motives with her conjectual construction of arithmetic p-adic L-function. We 
expect Kato's p-adic zeta elements which can be made into an abstract Euler system 
also give rise to Perrin-Riou's p-adic L-function. From their work, we see in order 
to prove Tamagawa number conjecture, we should look for magical elements in K 
groups (resp. Galois cohomolgy groups) which are strongly related to special values 
of L-function via Beilinson's regulator map (resp. exponential or dual exponential 
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map). Then try to show that these magical elements form integral basis of some 
canonically defined modules which typically requires an Iwasawa type argument. 

Finally history seems to come back to a full circle when in Wiles' recent 

proof of Fermat's Last theorem, he reduced the problem to an estimation of the 
order of certain Selmer group which in turn follows from p part of Tamagwa number 
conjecture for motive syw?{E) for a semi-stable modular elliptic curve £^ at p = 3 or 
p = 5 ! 

As for the verification of the Tamagawa number conjecture, besides the 
complete proof of it in the case of Riemann Zeta function (i.e for motive Q(r)) and 
partial results for motive h^{E){2) for CM elliptic curve E by Bloch-Kato, the only 
progress has been M.Harrison's ([6]) proof of p part of Tamagawa number conjecture 
for certain special Hecke character of Gaussian field Q(i) in the case p splits in Q(i). 

The goal of this paper is to extend Harrison's result to more general Hecke 
characters of more general fields, verifying p part of Tamagawa number conjecture for 
p which is nonsplit as well as for p which splits. Our method is basically different from 
Harrison's and works equally well for all imaginary quadratic fields. We recover his 
result as a special case of ours. For simplicity of presentation, we will just consider 
the case for d{K) — 1. In general the only change is notationwise. By the same 
method we can check p part of Tamagawa number conjecture for all Hecke characters 
of K of type {k, —j) with < j and A; — j > 1, for all odd prime p 7^ 3 not dividing 
the number of roots of unity in Hilbert class field of K (when p is nonsplit, we also 
need to assume that the Hecke character is nontrivial when restricted to A, see our 
Main theorem in 2.2.) The last restriction comes from Iwasawas main conjecture. 
The results we used of Kato (i.e explicit reciprocity law), Rubin (i.e Iwasawa main 
conjecture of quadratic number field) and results on arithmetic of Hecke characters 
and Eisenstein series all extends to general K, so are our extensions of some of these 
results we need for the proof. 

Brieftly, here are the contents of this paper: 
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• In chapter 2, we will recall some background material on Tamagawa number 
conjecture and fix some notations in the special case of Hecke characters we will 
consider. We do some preliminary reduction of the Tamagawa number formula 
to be proved. 

• In chapter 3 we write the local Tamagawa numbers as a product of 2 terms: one 
term will appear again in the formula for p part of Shafarevich group; another 
term involves evaluation of dual exponential map on special element (in Galois 
cohomlogy group) constructed from elliptic units. We review dual exponential 

map and define these special elements. We also study carefully deep results 
of Kato on explicit reciprocity law for 1-dimesional Lubin-Tatc formal groups 
which will be used for the calculation in chapter 4 and chapter 5. 

• In chapter 4 we define carefully the elliptic units we are going to use and cal- 
culate the Coleman power series associated to it. The logarithmic derivative 
of this power series is essentially Eisenstein series. We review the properties of 
Eisenstein series and its link to special values of Hecke-L function. We evaluate 
the dual exponential map in the case j = 0. We distinguish two cases according 
to whether p is a good reduction prime or not. When p is a bad reduction 
prime, since E has CM, we go up a finite field extension and pass on to a twist 
of E which has good reduction at p. We study the behavior of dual exponential 
map under field extension and twist. 

• Chapter 5 is the most technical part of this thesis. Here we are trying to 
get information on the value of dual exponentail map evaluated on the special 
element in the case j > from Kato's explicit reciprocity law (which require 
j — 0). Roughly we go up along a tower of fields (essentially unramified when 
p splits but totally ramified when p is nonsplit, which make it necessary to 
consider these 2 cases separately) and "untwist" our character. Interestingly 
the p-adic period of E play a major role in these translation from j > case to 
j = case. In particular we need a congruence property between p-adic period 
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and special values of weight 1 Eisenstein series evaluated on p" torsion points 
(which actually holds for general modular elliptic curves!). On the L-function 
side, we deduce realtion between L{'4)^^\ k) and L{'4>^, k) via their relation to 
values of Eisenstein series. It is known in the theory of elliptic functions how 
to relate Ej^^ with E^. We arrive at our result by a congruence argument. 

• In chapter 6 we deal with the Shafarevich-Tate group associated to our motive. 
Again we need to consider the case p splits and the case p is nonsplit separately. 
We need first reduce the Shafarevich group to more familiar objects studied in 
Iwasawa theory. Here we use crucially the Iwasawa Main conjecture proved by 
Rubin (both 1 and 2 variable case). 
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CHAPTER 2 

MOTIVE FOR HECKE CHARACTER; 
PRELIMINARY RESULTS 



2.1 Tamagawa number conjecture 

Here we recall Bloch-Kato's conjecture in more detail. 

Definition 1. Let K he a finite extension of Qp. Let V he aQi vector space endowed 
with a continous Gal{K / K) action. If p = / we assume moreover that V is a de Rham 
representation. Let T be a Galois stable lattice of V . Then 



H){K,V) 



def 1^ 



\Ker{H\K,V) — > H^{K''^ ,V)), it I ^ p; 

Ker{H\K,V) ^ H\K, B,,y, ®V)), if / = p; 



and we define Hj{K, T) as the full iverse image of Hj{K, V) under the natural map 
H\K, T) H\K, V). In particular H}(K, T) containes all the torsion of H^{K, T). 

Notation. For a de Rham representation V of Gal{K /K), denote DR[V) to be 
H^K, V 5dr) and Fil'DR{V) = DR{Vy to be V ® Fil'B^^). 

We define the exponential map 

DR{V)/DR{Vf Hj{K, V) 

to be the connecting homomorphism from the exact squence of Galois modules ob- 
tained by tensoring V with Fontaine's fundamental exact squence: 

— > Qp A Scrys © -BdR -Scrys © -BdR — ^ 

where a{x) — {x, x) and P{x,y) — {x — f{x),x — y), f being the usual frobenuis. 

Now define local and global points for a motivic pair (V, D) of weights ^ — 1. 
These are finite dimesional Q vector spaces with extra structures, satisfying some 
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axioms. For details see [1] 5.5. One can just think of them as reahzations of motives, 
with various comparison isomorphism comming from (p-adic) Hodge theory, V given 
by Betti cohomology and D coming from de Rham cohomology. Fix a Z lattice M in 
V such that M Z is Galois stable. 

Definition 2. 

J i/)(Qp,M®Z), ifp<oo 



A(Qp) 



{(D^ 0n C)l{Dl^ 0n C) + M)+, if p = oo 



We regard A(Qp) for p < oo as a compact group with natural topology, and 
A(R) as a locally compact group. Fix an isomorphism 

(jj : detQ{D/D^) ^ Q 

which induces for each p ^ oo 

detct^{DjDl) ^ 

This defines a measure on each Dp/D^ and hence a Haar measure on A(Qp) via 
exponential map. 

Bloch and Kato proved (see Theorem 4.1 of [1]) that there is a finite set of 
bad primes S which consists of places at infinity, bad reduction primes and prime p 
less than the length of filtration of DR{V) and lor p ^ S 

/.p,,(A(Q,)) = Pp(y,i) 

where for / 7^ p, Pp(V, 1) det{l — frobp : V/'') is the p-Euler factor of L(V, 0). Now 
assume the weights are ^ —3, then the product 

Ls{V,Q)-' = Yliip,UMQp)) 

converges. Bloch and Kato defined the Tamagawa measure /x for the motivic pair 
(V, D) as fj, — Ylp^oo l^p,'^ rip^oo A(Qp). It is clear /i is independent of choice of lu. 
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A(Q) is a finitely generated abelian group (generalized global Selmer group) 

such that 

where H^f spec{7.) Hi^ans the set of elements in the global Galois cohomology group 
whose image under localization map at each prime p lies in the part. There are nat- 
ural homomorphism A(Q) — > A(Qp) forp < oo, as well as A(Q) — > A(R)/A(R)cpt = 
iPoo/P^ + Ki)- Now define 

Tam{M)^lx{{\[A{Q,))/A{Q)) 

and define 

U^^) - I, A(Q)0Q/Z ^ A(Q,) Q/Z j 

One knows that p part of LJ(M) is finite for each finite prime p, even though in general 
it is very hard to verify |J(-^) itself is finite. Tamagawa number conjecture can also 
be written as 

2.2 Hecke characters and associated motives 

Let K be an imaginary quadratic number field of class number 1 and dis- 
criminant —dKi where dx > 0. Let be a Grossencharacter of type Aq. We say 
has conductor f and infinity type (r, s)if 0((«)) = d^a.^ whenever a = 1 (mod f) , 
a G K* and f is the smallest ideal of Ok such a relation holds. Fix f such that (f) = f. 



Fix il) of type (1,0) and conductor f which satisfies '^/'(q;) = il){oi) for all ideals ol of 
Ok- By the theory of complex multiplication there exists an elliptic curve E over Q 
such that End{E) = Ok and the Grossencharacter associated to E in the sense of 
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Deuring is precisely ijj. For each prime p of Ok, let ijjp be the Weil reahzation of ijj 
at p. 




Gal{K{fp^)/K) 

Notation. We view all our global fields as subfields of Q and choose once for all a 
place Vp of Q above p, and an embedding ip : Q — > Qp. We identify decomposion 
group Dp (resp. inertia group Ip) at Vp with Gal{Qp/Qp) (resp. the inertia subgroup 
of Gal{Qp/Qp)) via ip. When p — pp* we pick p so that Vp \ p. we identify Kp 
with Qp by ip which is the restriction of ip to K. we identify Kp* with Qp by o r 
where r is the complex conjugation. In particular, we have ipp Xp the cyclotomic 
character and ijjp* 1/^= 1. Let K{f) denote the ray class field of conductor f and for 
any prime ideal p C Ok set ii'(fp°°) as the union of all K{fp"-). It is well known that 
-^(fP") = K{E^pn). Fix a global minimal Weierstrass model for E and fix uj as the 
Neron differential. Let L be the period lattice and fix Q^o G M an Ok generator of 
L: Qoo = /^'(K) ^- (sometimes called the real period of E). Let p : C/L E[C) be 
given by p{z) — {V{z),V' {z)) where V is the Weierstrass V function. 

Let (p — ijj'^ip '' . Define imprimitive L-series 

(xCOk 
{«,f)=l 

The analytic continuation and functional equation for L((/9^^,s) are known. Since 

= X == Xcycioj L{^piil)^^, 0) = L{iijJ+'\ k). It is easy to sec that if k — j > 1, then 
L{ip^^^^ fc) 7^ 0. A theorem of Damerell says that k) is algebraic, 

belongs to if ^ j < A;. From now on assume ^ j < k. Moreover since ip{cx.) = 
ijj{ot), it follows that L(V^, k) e R. Hence in our case qJ''^^^ L{i^ , k) e 

Q*. 

On the other hand it is known how to associate motives to general Hecke 
character using abelian varieties with complex multiplication. For our (/? there exists 



11 



a motive Mkj such that L{Mk,j,0) — L{ijj^+'^, k). (see [5] prop 2.1). Let A = 
Gal{K{Ep)/K) which is a finite group of order prime to p since by theory of complex 
multiphcation we have A ^ (Op/p)*. Hence we can view A also as a subgroup of 
Gal{K{fp°^)/K) and consider the restriction of ipp on A. 

Main Theorem. Fix integer k,j such that k — j > 1 and j > 0. Then the p part of 
Tamagawa number conjecture for Aikj is true for all prime p ^ 2,3 which splits in 
K/Q and allp which is nonsplit in K/Q such that ippi'p-' is nontrivial when restricted 
to A. 

M.k,j comes from E x • • • x twisted by —j times the Tate motive, i.e it is a 

k+j 

factor of (/i^ (E)(1))® = /ii(E)®('^+J)(-j). Notice wt{Mk,j) = -k + j < -1. 
M.k,j have been constructed in [6] section 2 {j — 0) and [5] section 1 (for j > 0). 
Harrison essentially proved the special case of our main theorem when p splits in 
K/Q for K — Q(i) and j — 0. Guo proved the special case of main theorem for p 
good ordinary prime sufficently big which is unramified in K/ Q (under this restriction 
he does not need to calculate local Tamagawa numbers). Notice both of these authors 
rely on (1 or 2 variable) ]9-adic L-function for the Hecke character of K when p splits, 
whose counterpart is still lacking when p is inert. We get around this and our proof 
is different from theirs even in the case that p splits. 

Now brieftly recall results and notations for Aik,j- For motive h^{E){l), its 
realization is given by 

• Mb = H^^{E) = QrieQIs, where Ti is the image under p of the line segement 
from the origin to Q^o along the real axis and r2 is the image under p of the 
line segement from the origin to \/diloo along the imaginary axis. 

• -^dR = H^-^{E) — QtD © Qfj where a), r) are dual basis of basis uj — dx/y and 
77 = xdx/y. Since Fil^Hl^{E) = Qu we see that 

MdR = Fil-^MdR D FifM^j^ ^Qf]2 Fil^M^n = 
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Tp(£') Qp = -f^p(V'p) P is nonsplit 

(2.2.1) 



where r acts by swapping the two factors when p sphts and by its natural action 
on Kp otherwise. 

Reahzations for motive (or Q(l)) are 

• Mb — H^^{Gjn) — Qr where F is the projection of the directed path from to 
27ri under C C/2mZ 

• MdR = H^^{Gm) = where e is the dual basis of £ = dx/x G H\^{Qrn)- 
FifMdR = MdR 2 Fi/'MdR = 

It follows that the realizations for our motive Mkj are given by 

• V = Mb = (Qei © Qes) ® Qr®(-^') where ei and 62 are tensors in Fi and F2 
with rational coefficents defined by 

d-^ J2 d#(^)F? • • • ® F^^, = ei + 

AC{l,...,k+j} 

where Ff = Fi if i e yl and Ff = F2 otherwise. 

• L» = MdR = (QcD^('=+^) © Q77®(^+J)) (g) Q£^(-J), and 



T^^'^'\-J) ® Qp = i^p(¥'p) P is nonsplit 

(2.2.2) 
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It is also known that {V,D) gives rise to a motivic pair (see [5] section 1). 
Fix lattice M = (Zei ® Ze2) Zr'^^~^^ of V. It is shown in [5] that under comparision 
map M is mapped onto the natural lattice Tp where 

J Zp(<^p) © Zp((^p*)> if P splits 
ip — < (/J.2.3j 

I Op(93p), Hp does not split 

It follows that M ® Z is galois stable. Now fix a lattice L = ZCj®^^+^^ ® Zfj^^''+^^ ® 
Zf®(-j) of £). This gives a measure on MdR/M^j^ by setting the measure of L/L° = 

Za;®(*=+J') (g) Ze®'^"-'^ to be 1. We are going to verify our Main Theorem for this lattice 
M with respect to Tamagawa measure induced by this chosen measure. 

Notation. Prom now on, set w = u;^(>'+^) and let w denote e^(-^\ 

Let us deal with /Xoo(A(R)/A(Q)) first. A(Q) C i^j .^^^^zlQ^ ® Z) and 
A(Q) (g)z R = D^/{D^ + V^) = in our case. We will see later in chapterG (6.1.8) 
that -f^/,specz(Q' M ^Z) is finite group. Hence A(Q) is finite torsion, and the p-part 
of #(A(Q)) = #(i/0(Q, T, ® Qp/Zp)). 

To find out yUoo(A(R)) we need to compute a period integral. Notice under 
6 : i7^j^(£^/Q) Hl^{E'^'^), we have (compare lemma 1.5 in [6]) 

e{u;) = 2dz,e{7j) = -^dz 

It is easy to compute that J^^ dz = iloo: — \^^oo: /r^ dz = iloo: — 

— \fdVtoo hence under the map 

H-^[E) H^^iEn - H-^\E) ® C (2.2.4) 

cycle 1-^ {differentialA i-^ / A} 

J cycle 

Notice also under period isomorphism map for Gm, r®(— j) i— > {27ri)~^s~^ . Hence by 
the above definition of ei amd 62 , we have the following 
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Proposition 1. Under our choice of Tamagawa measure and lattice M, 
/^oo(A(R)) = 



(27r)~^'(4noo)''"^^, ifj is even 

(27r)-^(4Qoo)''+^V^, if j is odd 

For more details, see lemma 3.1 in [5]. 
Lemma 1. 



lip{A{Qp)) = /v-^P'j^^ p^^y^ powers of 2 and 3 (2.2.5) 

Proof. Since wt{M.k,j) — —k ^ —2, we have 

VZ ^ p, HjiQi, Vp) ^ H\Qr/Qi, ^ y/7(l - frobi) = 

Hence #(i/)(Q/, Tp)) = 4{H^{Cli,Vp/Tp)). It follows from the exact sequence of 7^ 
modules: 



Q^Tp^Vp^ Vp/Tp ^ 



that 



^ y/7T/' ^ {Vp/TpY^ ^ H\li,Tp)u,,, ^ 
Since -H"°(Qz, V^/Tp) = i/°(Qf7Q,, {Vp/TpY'), we get from the above exact sequence: 

m'iQi,Vp/Tp)) = #(i/0(Qr/Q,,y/vr/')) X #(i/°(Qr/Q;,i^'(//,Tp)tors) 

Obviously #(iJO(Qr/Qi,V;^V^/0) = \PiiV,l)\;\ On the other hand, #(ifO(Qr/Q/, 
H^{Ii,Tp) tors)) = 1 if -^i acts trivally on Tp since then H^(Ii,Tp) = Hom{Ii,Tp) which 
has no torsions. In general since / 7^ p, H^{Ii,Tp) = H^{Ii/R,Tp) = Tp/l — ai where R 
is the wild inertia at / and cx; is a topologically generator of Ii/R. But since our ellipic 
curve has CM, /; acts on Tp through finite quotient. It is well known that eigenvalues 
of (7/ are at most 24 th root of unity. Hence Tp)tors) is divisible by at most 

powers of 2 and 3. □ 
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Now the Tamagawa number conjecture for Aik,j is reduced to 

/x,(g)(Q„T,)) ^ L{ij'^+\ k) » M foil ^ Q/^^^) 

(2.2.6) 

where 5{i) = 1 if j is odd and otherwise. 



2.3 More preliminary results and notations 

Let p be a prime ideal of Ok- Let Ep be the formal group of E around origin 
over Kp which gives the kernel of reduction modulo p. Let L be the period lattice of 
a global minimal Weierstrass model of E. Define 

e:C/L^ E{C),e{z) = {x,y),x = V{z),y = V\z) 

where V{z) is the Weierstrass function. We have Ei{Kp) ^ Ep under which (x, y) i— > 
T = —2x/y. Here Ei{Kp) is the kernel of reduction modulo p on E{Kp). Fix T as 
the variable on ^p. Let ujq be the normalized invariant differential on Ep. 

Lemma 2. 

Proof. Let A be the inverse of £, hence z = A(T). We have 

u^ — ^dz^ X'{T)dT, uo = {T)dT 

y 

where A^^ is the logarithm assoicated to uj. Since both A and A^.^ are group ho- 
momorphism : £'p — > Gq, we have A^^ — c\ for some constant c. But well known 
formulas, x — T~'^a{T),y — T~^a{T), where a{T) has coefficents in Op and constant 
term is 1. Hence dx/y = [1 + ■ ■ ■ )dT. It follows that c = 1 as a;o is normahzed. □ 

Notation. Prom now on we fix a prime p of Ok and the completion of Ok at p by 
Op. When no confusion arise, we will sometimes omit the subscript p. 
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Now if p is a good reduction prime for E, i.e p f f, then £■ is a Lubin- 
Tate formal group with respect to the uniformizer tt = ■0(p) of p. When E has bad 
reduction at p, we will replace by a twist which has good reduction at p. This is 
possible since E has CM and so E must has potentially good reduction at p. More 
precisely fix character e : Gal{K / K) such that ipe is unramified at p, and such 

that cond(e) = g the prime to p part of f. Let M denote the fixed field of Ker(e). Let 
E' denotes the twist of E by e: E' is an elliptic curve over K which is isomorphic to 
E over M. Fix f : E ^ E' over M. Let i/^'^uj' and Q,'^ be defined the same way for 
E' as for E. It is known that ip' — t/je. Set r such that f*u;' — ru. Then we also have 
Jl^ = rQoo- Let F denote the maximal extension of K inside M{Epoo) — M(£'poo) 
which is unramified at p. Let F„ = F{E'^n). It is known ([10] lemma 4.2 (ii)) that 
F„ D MKn, Vn ^ m(p) where m{p) =^ the smallest integer such that 1 + p"^(P)e) c 



Notation. • when p splits, Vn G N,Vm G N, set Kn.m = K{Epnp*m) and let 
Kn,m,^ be the completion of Kn-m with respect to the place of Kn^^n above p 
induced by ^ which we still denote by By convention Kn means K^^ in this 
case. 

• when p is nonsplit, Vn G Z+, set = K[Epn) = K[Epn) and set i^^n,<p as the 
completion at 



Set A = Zp[[Goo]] the usual Iwasawa algebra. In the case that E has bad reduction 
at p we aslo define the same way F„_^ or F„ and Foo for base field F, but replacing 
E by E' . For example, F„ =^ F{E'pn). 

Lemma 3. There are only finite number of places ^ of F^ and lying above p. 

Proof. We know the property of ramification of the fields under consideration from 
theory of complex multiplication. When p is nonsplit, each Kn is totally ramified 



In all cases, set G, 



oo 



Gal{K^/K) and Goo,v = Gal{K^^y/ Kp), where 




K{Epoo), ifj>0 
K{Ep^), ifj = 
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over K at p hence there is a unique place of K^o above p , namely ( the one induced 
by ) V and the set of places of lying above p corresponds 1-1 with E =^ a set of 
coset representative of Gal{F/K)/Gal{F^j/Kp) : | p, there exists a unique a E T, 
such that ^ = av , then *p corresponds to a. 

When p splits, let us first assume that E has good reduction at p. Then 
Kn,m is totally ramified over Ko^m at places above p and Ko^m is unramified over K 
at p. Moreover from the definition of Grossencharacter, it follows that the number of 
primes of Ko^m above p which we denote by is given by the index of the subgroup 
generated by tt in (Op/p*"^)*. Hence there is an interger M such that = rop^ for 
m < M and — r^p^ for m > M. So there are only finite number of places of 
above p. When p is a bad reduction prime for E, upon replacing X by F and E 
by E' which has good reduction at p , the above argument applies to Fn^m and Foo- 
Recall E and E' are isomorphic over F„j(p) q, hence F^o is an overfield of Koo- From 
this wc see there arc only finite number of places of K^o above p too. In fact there 
is 1 - 1 correspondence between the set of places of F^ above p and a set of coset 
representative of Ga/(Fo,M/-f^)/Ga/(Fo,M,tj/-f'^p) • □ 
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CHAPTER 3 

LOCAL TAMAGAWA NUMBER; DUAL 
EXPONENTIAL MAP 



3.1 Local Tamagawa number 

In this section we will see how to reduce the computation of local Tamagawa 
number to an evaluation of dual exponential map exp* on a special element. 
Recall in our case, 

{h\%,%{^^))®H\%,%{^^*)), ifpsplits 
[i?^(Qp, Kp{(pp)), if p does not split 

where (pp — t/jpt/jp^ . Note that when p splits, Hj{Qp,Vp) — H^{Kp, Kp{(pp)) since 
DR'^{Vp) = DR{Qp{ipp*)), from which it follows that Hj{Qp, Qp{ipp*)) = 0. When p 
is nonsplit, we have 

H\Qp, Vp) ^ H\Kp, 



DRiQp, Vp) ®Kp = DR{Kp, Kp{^p)) 

We will first concentrate on DR(Kp, Kp((pp)) ^ Hj(Kp, Kp((pp)) and then if p is 
nonsplit, we will take into consideration the Gal{Kp/Qp) action later. 

Let a E Kphe the local Tamagawa measure of Hj{Kp, Op{(pp)) with respect 
to lattice L/L° Op C D/D° Kp, i.e a = ai#(iJ^(i^p, Cp(v?p)))tors where ai is the 
index of lattice Hj{Kp, Op{ipp)y^ and the lattice exp{L/L^ Op) in Hj{Kp, Kp{ipp)), 
i.e 

exp{L/L^ ® Op) = ai X H]{Kp, Op{^p)f^ (3.1.2) 
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Note both sides are rank 1 Op modules. Here "tf means torsion free part. The 
restriction map gives an isomorphism: 

^[®^\pH\K^,^,KpM)f- (3.1.3) 
= if 0777.(3^ (Soo, Kp{(pp)) by local class field theory 
where = ©<p|pUoo,<p and 

def f^'^n^n,^ if J = 

Uoo,<p — \ 

Let S'^ and (p be similarly defined for F. We denote 2loo to be inverse hmit of 
global units similarly defined and we view 2too as embeded inside and denote the 



closure of the image as 2too. Denote Coo and Coo to be the subgroup defined for elliptic 
units. 

Remark 1. The reseason we write the semi-local version of the above isomorphism is 
because of the link with Iwasawa Main conjecture. 

Now H^f{Kp,Op{i^p)Y^ C HomG^iEoo,Kp{i^p)) as a rank 1 free Op module. 
There exists integer e such that 

H}{Kp, Op{^p)f = p^HomcjE^, Op{^p)) (3.1.4) 

Lemma 4. 

iNpr = m'{Kp,Kp/Op{^p))) 

Proof. A special case of this in the case j — and p splits is given in [6] prop 3.8, 
but the proof extends to our case. Nothing in that proof relies on j = or p being a 
split prime. □ 

Fix 5 — exp{w) a generator of Homa^iEca, Kp{(fp)). Suppose 5 maps Soo 
to bOp{ipp) C Kp{(pp), i.e 

exp{L/L^ Op) = bHomo^iE^, Op{cpp)) (3.1.5) 
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Comparing 3.1.2, 3.1.4 and 3.1.5, we get \b\^ — \ai\^ (Np)^. Since 

we have \a\^ = \b\^. Our approach to find b is first calculate 6{u) for some u which is 
a generator of rank 1 A module Coo- In particular we see 6{u) ^ 0. By well known 
results (e.g [10] Theorems. l(ii)) in Iwasawa theory, is of rank [Kp : Qp] as A 
module. So when p | p and p splits in K/Q, then E^/Coo is a torsion A module. 
Since S is Goo equi variant, we have 

b = 6{u) X (#([(Soo/Q(^p (3.1.6) 

When p is nonsplit, it is known ([10] lemma 11.9) there is a noncanonical 
direct sum decomposition Soo = Sj^ © S^, where Sj^ and are free rank 1 A 
modules such that 5(S^) = 0. Since S{u) ^ 0, it follows Soo/(S^, Coo) is a torsion 
A module. Now 6 viewed as a homorphism: Soo ~^ -^p('^p) factors through Soo/S^ 
and is also Goo equivariant, so 

b = S{u) X 4{HomGjE^/{El,€^),K,/0,{ip,))) (3.1.7) 

In the case p splits, one can give a formula for #([(5^/£oo)(<^p ^)]goo) using 
(1 or 2 variable) p-adic L-function and Iwasawa Main conjecture. But this is not 
possible in the case p is nonsplit. So instead of explicitly computing it, we relate it 
to #(U(-^)) ^u<i iu verfying 2.2.6 this term get canceled. On the other hand, the 
claculation 5{u) turns out to be very complicated, especially when j > 0. First we 
will reduce it to an evaluation of exp* map. 

3.2 Dual exponential map 

Definition 3. K will be a finite extension of Qp in this section. Let K be a Qp 
vector space endowed with a continous action of Gal{K / K). Assume \^ is a de 
Rham representation. There are 2 equivalent definition of exp* (for the proof of the 
equivalence, see [7] pl24-125.) 
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1. exp* : H^{K,V)/Hj{K,V) DIr{V) is the composite of the following maps 
induced by duality pairing: 

H\K, V)/Hj{K, V) 4 Homci,{Hj{K, V*{1)), Q,) (3.2.1) 
^ //omQ^(L>dR(y*(l))/L>dR(^*(l))°,Qp) ^ i^dR(^)° 

2. exp* is the composite map 

H\K, V) V ® ^ 

where the second arrow is the inverse of isomorphism: 

^dR(^) = H%K, V E^j,) ^('''^i^^r-^^ H\K, V E^J (3.2.2) 

in the case i — 0. Here Xcycio '■ Gal{K/K) — > Z* is the character describing its 
action on th root of 1, and 

/o^(Xcycio) e i^'(i^,Zp) = Hom,ont{Gal{K/K),Z;). 

In our situation, we have 

L'i?(Xp, K,M) '-^ Hj{K„ K,M) ^ Hom{E^, K,{^,)) 
or L'i?(/s:p, Vp(^)®(^+^)(-j)) '-5 i/)(/s:p, 1/p(E)®('=+^)(-j)) and we want to evaluate 
5 = ®^\pexp^{w) : Soo = e5p|pUoo,<p ^ i^p(</'p) 

on some special element u comming from global units, i.c u = [■ ■ ■ , wsp, • ■ ■ )(p|p. 

Remark 2. We are going to write down explicitly what u is later on. Right now 
it suffices to know that when p is a bad reduction prime, u — Norm{u) for some 
u e F^. We have the following commutative diagram: 

> ®qj|p(®a;|?pi^i,,a;) 

norm ®(p |p local norm 

Recall for a fixed place *P | p of K^o , the set of places a; | ^ of Foo corresponds 1-1 
with a set of coset representative of Gal{F/ K)/Gal{Fy/Kp)). 
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We need to consider 

First we define special elements of H^(Kp, Vjf'^~*^~"'^(l + j)) by method of Soule: 

Notation. Fix a basis e of Zp(l) once for all. Fix a basis ^ = (Cn)n for Tp{E) as an 
Op module. We will specify a particular choice later on in connection with Coleman 
power series. This also determines a basis ( for Tp* when p | p splits, by requiring the 
Weil pairing of ^ and ( to be e. 

Definition 4. (1): if j = 

(i): if p is a good reduction prime of E, then \/n > 0, denote the image of ii«p under 
the folowing composite map as S'„(rtsp). 



limK*^^^ ^ l]mH\Km,v, Zp(l)) ^ l]mH\Km,^,T^^-'\l)/7r'^) 

mm m 

limi/^(i^„,^,Tp^(-')(l)/7r-) - H\Kr,,^,T^^-'\l)) 



(3.2.3) 



where the map (*) is U^m which is well defined because by the very definition of 
Kjn-i all p'" torsion points of E are rational over Km- 

(ii) if p is a bad reduction prime, Mn > m(p) we define for a; | *P | p, 
Sn{u'i^) to be the image of u'^ e limj^^ F^^^ under analogous composite map as above 
defined for base field Kp. Define Sn{u(^) — 'Y2^\f;pCoresF^^^/K„<p{Sn{u'^^)) and define 
'S'o(ii«p) = CoresK„^/Kp{Sn{u<:(})). Of course it is clear that 5'o(w(p) is independent of 
n. Let S'^{u'^) E H^{Fn^^,Tp{E')'^^~'^\l)) has the same meaning, except now we use 
the basis ^' in the definition. 

(2): ifj >0, 
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(i): if p split is a good reduction prime, \/n > 0, define 5'„(w(p) to be tfie 
image of under the composite of the following maps: 

lim^m.m.^p ^ ^mH\Km,m,^i, Zp(l)) 
m m 

n limi/i(ir^,^,q,,Tf -'^^ ® Tp^^(l)/0 

m 

''-^^ lim//^(Xi,„,<p, 7f (-'^^ ® Tl^^a)/^"^) 



(3.2.4) 



where the map (*) is U^®^"''^ ® C^which is well defined again by definition of Kj^^n- 
We denote the image of 5„(m<p) in H\Ki^n,<:p,Tp^~''^ 0T^J (l) /tt'') as^,{u^). Define 



Soiu^) = CoresK^^^.^/KfSn{u^) and S'o,„(M(p) = CoresK^^^,^/KfSn,n{u<]f)- 

(ii): if p is a nonsplit and good reduction prime, Vn > 0, define >S'„(Msp) as 
the image of wsp under the composite of the following maps: 

limX;,<p^limi/i(K„,<p,Zp(l)) lim//^(X^,^,7f(-'=-^')(l+i)/0 

mm m 

limi/^(i^„,^p,rp®(-'-^')(l + jOA'") (3-2.5) 

m 

where the map (*) is U^^^"*'"^'^ (8) e®^' which is well defined again by definition of Kjn- 



We denote the image of 5'„(ii«p) in H^{Kn,'^,Tp^ ^ + j)/7r"-) as 5'„,n(ii«p). Define 
'S'o,n(^i«p) = CoresK„^^/Kf,Sn,n(u^) which is just the image of So(u^) in Tp^~''~^^ 

(i + i)/p")- 

(iii): when p is a bad reduction prime, just as in the case j = 0, Vn > m(p), 
define Sn{uJ as the image of u'^ in if ^(Fm(p),„,^, Tp®^~^"^^(l + j)) when p \ p , p 
splits and 5'„('U^) G if^(F„ T®*-~'^~-'^(l + j)) when p nonsplits. Define S'„('Ufp) = 
X]^|(pCores(S'„('U^)) and define 5'o(m«p) = Cores(S'„(Mq3)). Again this definition does 
not depend on the n > m{p) chosen. Define S'„^„(-U(p) the same way as when p is 
a good reduction prime. Finally denote again S'^(m^) and S!^ ,^{u'i^) similarly defined 
elements except we replace Tp{E) by Tp{E') and use ^' in the definition. It is clear 
by definition and our chosing /(^) — ^' that fSn{u'^) — S'^{u^), where f : E ^ E' . 
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Remark 3. When p is a bad reduction prime, we could have defined 5'n(ii(p) in another 
way, namely directly apply Soule's method to w«p just as in the good reduction prime 
case. The following commutative diagram (in the case j — 0) tell us the two definitions 
are equivalent: 



local norm 



u 



oo,«p 



/ 7 \ .im cores . , , 

The reason for the approach we defined them earlier is that in the process of calcu- 
lating exp*{u) when p is a bad reduction prime, we need to use Sn{u') and S'^{u) 
anyway. Note the same remark applies to the definition of Sn{u) for p bad reduction 
prime and j > 0. 

Now let us come back to the problem of relating 5{u) to X^tpip exp*(5'o(ii(p)). 
The crucial point is the following commutative diagram from Galois cohomology 
theory: (we have in mind now j — Q case, j > case follows the same way) 



H\K,,K,{^,)) 



X 



X 



)<p|pifi(i^,,<p,Op(^p)*(l))^irp 



©q3|pUoo,q3- 



©<p|pi7om(Uoo,<p,i^p(<^p)) X 

Here the upper diagram commutes by property of restriction and corestriction map 
while the lower diagram commutes because of the definition of Soule map S'„ we used 
and class field theory. Notice the composite of left vertical maps sends expiw) to 
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S and the composite of right vertical maps sends u to X^qjip 'S'o(w(p). Hence by this 
diagram, we have 

S{u) = '^^{res{exp{w)), Sn{u^i)) by lower diagram 

= y~](exp(g7), coreg(5'yt(ttq3)))by upper diagram 
'PiP 

~ ^^(^' ^^P*('S'o('W*p)) by def of exp* and 5'o(m«p) 

= exp*(5'o(Msp))/ct7 by the choice of zu and w 

We use and generalize results of Kato on exp* in the following section. 

3.3 Explicit reciprocity law 

In this section we recall Kato's explicit reciporcity law for 1-dimensional 
Lubin-Tate formal groups, generahzing that of Wiles and also his earher results with 
Bloch on exponential map for Qp(r). All refrences in this section are made to [7]. 

Let F/K be an unramified extension of p-adic local fields. Fix tt a prime 
element of K. Let F be the Lubin-Tate formal group over Ok corrsponding to uni- 
formizer tt and let G be the connected p-divisible group over Op obtained from F by 
extension of scalars. Denote the action of a G Ok on G by [a]. Let T be the Tate 
module for G and fix a basis ^ for T. Let F„ denotes the field obtained by adjoining 
TT^ torsion point of G. For a norm compatible system of units u = ^ lii^-^n; 

define Sn{u) e H\Fn,T'^'--''\l)), Vn > 0,r > 1, exactly as we defined in definition 4 
in the case j — and p is good reduction prime. Associated to such u is its Coleman 
power series gu,^ characterized by: 

(0-"(y.,€))(en)=«n,Vn>l 

where is the Frobenius element in Gal{F/K) acting on the coefficents of Qu,^. 
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Theorem 1 (The expUcit reciprocity law,[7] 2.1.7). Vn, r > 1, 

exp* : H\Fn,T®^-'\l)) V® 1)) 



sends Sn{u) to 



^ ® {(-)nog(0-"(^„,^))}(e„) (3.3.1) 



(r-1)! ''a; 
Here u; is any basis of colie{G) — Homop{Lie{G), Op). 
Remark 4- 1- When j = we are going to apply theorem 1 to F = i^p 

• If p is a good reduction prime, then take F — K — Kp, T — Ep, and 

TT = V(P) 

• If p is a bad reduction prime, take K = Kp,F = F^,r = Ep and tt = (p) 

2. When j > we can not directly apply theorem 1 as the proof given in [7] really 
require the twist to be 1. We will have to dig much deeper into the whole proof 
and extract a "moc/Tr"" version of exp* and find ways to pass from twist by j + 1 
to twist by 1. Finally we need a congruence argument to nail down 5{u). 

3. Because of the nature of the proof, theorem 1 just describes exphctly exp* on 
Soule-type elements Sn{u) We will brieftly recall the details of the argument. 
Also the condition n > 1 is necessary, and the argument does not apply to 
n = 0. 

For this purpose recall now some important steps for the proof of theorem 1. 
Readers who are just interested in verifying Tmamagawa number conjecture for j — 
can go directly to the next section. 

Let n^{G) be the space of differential forms on G and 0{G) ^ OpM] be 
the ring of functions on G. We have 

Q\G) = 0{G) colie{G) 
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For n > 0, let Sn be the topological ring p— adically complete and separated, charac- 
terized by the property: Vi > 1, Spec{Sn/p^Sn) is the PD envelope of Spec{OF„/p^OF^) 
in Spec{0{G) /p^O{G)) with repsect to the embedding induced by '■ Spec{OF„) — >■ 
G. Vr > 1 define C Sn to be the inverse limit over i of the r-th divided power of 
Keri^Sn/p^Sn — ^ Op^jp^Op^). Since G is formally smooth over Op, the fundamental 
theorem in crystalline cohomology theory shows 

RV{Spec{OpjT:')/Spec{Oplii%,y,, jM) ^ 
= [Jfj^' ^ Jt-J^' ®Oa ^\G)] > 1) 
where J = Ker{Ocrys O^^,^). Following Kato, define a pairing 

colie{G) ®Ok T ^ J^: uj {L,^,n)n (3.3.3) 

Here for u G colie{G) , let l^j be the logarithm of G associated to u, i.c dl^^ = uj. 
Define L,5,n = £ <^5„- Then dl^^^^n = tt^lu. In particular, dl^^^^^n = (mod tt**). 

Hence by 3.3.2 

L,^,n mod tt" e i/°(5pec(0^j7r")/5pec(Oj./7r")erys, J) 
We denote the image of it in 

H\Spec{Op/7r^)/Spec{Op/7r^),^,, J) ^ Jn ^ JooA" 
also as lui,^,n- This gives the above pairing which indues an isomorphism: 

colie{Gf' F ^ DR%F, V^^-'\l) B+^) (3.3.4) 
We also need an integral version of this, as in [7] 2.2.3, that 

colieiGf"- Ol H\L, r®(-^) ^S/^i^^'') (3-3.5) 
where L is any finite extension of F. 

Remark 5. We will generahze these statements when j > 0. 
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We introduce more notation and results from [7]. Define : Sn 'S>o{G) 
0,^{G) — > H^{Fn, Joo) to be tfie composite map coming from isomorphism 3.3.2 and 
spectral sequence 

Rr{Spec{OFj7r')/Spec{OF/7r%,ys,J) 

^ Rr{Gal{F/Fn), Rr{Spec{OF/7r')/Spec{OF/7r%,y,, J) (3.3.6) 
By taking U^n *■ '^^ this induces a map 

Sn ^\G) "-^ H\Fn, (r^(-'-) Joo/j[;+^i) A") (3.3.7) 

Let = lim(. . . Q^{G) —>■ fl^{G) —>■ fl^{G)) where the arrows are trace map TrT^ 
associated to [tt]. Define 

Or,^,n ■■ © ^ //^(F„,r®(-^) Joo/Jto^^^) to be the composite of 



e = limQ^(G) ^'^^-^ lun H\Fm, (T^^'^^ JJjI+'^)/7:^) 



trace 



limi/^(F„, (T«(-^) Joo/Jf;+^1)A™) 

m 

The following commuative diagram is a key point in Kato's proof: 



(3.3. 



o{Gy 



■0*^^^H\Fn,Z,{l)) 



H\Fn,T^^-'\l)/n'') 



(3.3.9) 



dlog 

Q\G)- 



- H\Fn, Joo) > H\Fn, (r®(--) Joo)/7r") 

which reduces the proof of theorem 1 to the following 

Theorem 2 ([7] 2.2.7). Vn, r > 1, the composite map 

e '-Hi:? H\Fn,T^^-^^ Joo/Jt^'^) 



(3.3.10) 



sends {r].m)m & Q to 



. .d . .. ^ .11., 
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Actually Kato deduced this from "finite version " of it as follows: 

Proposition 2 ([7] 2.3.2). For fixed n > 1, 3 integer c = c{F,n) ^ 0, such that 
Mm > n, let am be defined as follows: 

trace 

and set ac,m — cam- Define (3c,m to be the map : 

Then a^m + /?c,m = 0. 

Here c(F, n) is independent of m > n and xg describes the Galois action 
on T, but notice log(x(G)) and log (xcycio) have the same image in H^{F, Cp). We do 
not have to worry about the definition of "Trace" map here, as in our application, 

we take {rim)m G ^^(G) the element given by {d\og(j)^"\gu,^))m and it follows from 
the norm compatibility oi u = {Um)m that after taking dlog this particular element 
is trace compatible. 

Lemma 5. We have the following commutative diagram 

logXG 

colieiCr^ OfJt:^ ^ H\F^, jS/^-""'') A'") 

where ii on the first row is induced by inclusion Zp(l) — > J^o and i2 is induced from 
3.3.5. 

Proof. This follows from proposition 2 and 3.3.9. The point is even though in general 
one might not be able to define A on the left side of the diagram, but we do know 
that in //i(F„, ^oo/J£^'')A"^), 

c(n) 



(r-l)! 



{(-)Mog(r"(^.,?))}(en)) = c(n)6i((5,,^H), (3.3.11) 

UJ 

□ 
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Remark 6. We are going to apply proposition2 and 3.3.11 in the following situation: 
j > (see also remark 4) 

1. when p splits, 

J {K, E) def I if P is a good reduction prime 

{F,E) = I ^ no = < 

y (F, E') [^m(p), if p is a bad reduction prime 

(3.3.12) 

apply with base field F = F(i?p*t)«p, *p | p,t — oo and n = Uq which is fixed. 
Denote c{t) to be the constant needed when applying proposition 2 to the field 

2. when p is nonsplit, define (F, E) just as above. Apply with F = F(p and t 
any positive integer. Denote c{t) to be the constant needed when applying 
proposition 2 to the field F(Fpt)sp. 

Note in all cases we have a fixed Lubin-Tate formal group when t changes. 

Theorem 3. In the case p splits, the constant c{t) in proposition 2 can be chosen 
independent oft. 

Proof. We need to study more carefully how the constant c(F, n) in proposition 2 
depends on F, n. Note in our situation, n = no is fixed while t changes (hence base 
field changes). Recall Kato has put several restriction on c: 

(1) In lemma 2.3.3, he required (r — l)!~^7r~'^'"c e Op, and ac,m + I3c,m kiUs 
^Ij^im^m ®o{G) f^^(G'), Vm > n. He deduced this from a explicit description of /^r,c,m 
on llj~^jn^m <H) 0,^{G). In 2.3.8 we see all he need is that c is big enough so that 

c7r-™log(xG((T)) = CTT-^'iXGicT) - 1) mod 7r™,Vm >n,ae Gamp/Fm) 

It is clear one can choose such an integer c independent of m and even n (take c 
corresponding to n = 0). Then by Kato's calculation. 
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V/i e Sm- The points is Trm,n '■ — > Of„ has image contained in n'^~'^OF„- (This 
one of the place where the argument fails if one take n — 0.) On the other hand, a 
direct computation shows 

{(-)'-^(lTr^,„(Q;>®a;))}(en) = {r - l)\n-^^-'\---Tr^AHU) 
This shows 

PcAClmh®^) = -^^^ ® (7r'^-'"Tr„,„(/i(U)))(c7r-"log(xG)) 

and in particular we do not need to require that (r — l)!'"^7r~"'"c e here. 

(2) In lemma 2.3.10, Kato required c to kill ^'/("^H ~^ ^L^lm^rn) j'^fn > 
which he remarked by lemma 2.3.11 it is enough to ask c annihilates Js,nl{Jsm ^~ 
loj,^,mSm)- Kato was able to find such an integer c which is independent of m and n. 
see the end of Page 141 of [7]. 

(3) In lemma 2.3.9, he wanted an integer c so that ac,m+Pc,m kills Js~^^ ®o{G) 
{G)im > n. An interger c which satisfies both of the above condition will auto- 
matically satisfies this, since it follows from the definition that + Pc,m vanishes 
on 41 n\G) . 

(4) Finally a condtion on c in lemma 2.3.13 was reduced to condition that c 
annihilates group if'^(F„, r)) {q = 0, 1) in lemma 2.3.16. 

Hence to prove theorem 3, we just need to prove: 

Proposition 3. Fix integer r ^ 0. Let K be a finite extension of Qp in (a)-(h). 

(a) : H\K,Oc,(r))^0. 

(b) : H^{K, Ocp{r)) is killed by a power of p that depends on r and K. 

(c) : When p | p splits in K/Q, fix no > 1, then 

p''^H\Kr,„m,v.Oc,{r)))^Q 

for some constant dy. that is independent of m, but depends on no,r. Here K is our 
imaginary quadratic field. 
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We use and generalize some results of Tate [13] and Sen [11]. Note we 
are dealing with continuous Galois cohomology, but the coefRcent module Ocp{r) is 
not a "discrete" Galois module, hence usual method to reduce it to computation of 
cohomology of finite groups fails. 

Proof. First recall some results of Tate in [13]: Let K be the quotient field of a 
complete DVR of char 0, let C be the completion of algebraic closure of K; let K^o 
be any infinite totally ramified extension of K such that Gal{Koo/K) = Z^; let X be 
the completion of Koo', let % be a continuous character of F = Gal{K^/ K) into the 
group of units of K. Then 

1. Prop 8(b) [13]: if x(r) is infinite, then H^{T,X{x)) and H^{T,X{x)) are 0. 

2. Prop 10 [13] H%Gal{K/K^),C) = X, H^{Gal{K / K^),C) - 0,Vr > 

Using these tow proposition, we get 

H%K,Oc,{r)) C H^{K,Cp{r)) = H^'iF, H^{Gal{Qp/K^,Cp{r))) 
= //°(F,X(r)) = 

where (1) follows from prop 10 and (2) follows from prop 8(b) of [13]. This proves 
claim (a). 

(b) is stated without proof in [7] (2.2.4). We have by inflation-restriction 
exact sequence: 

^ H\r, Ox{r)) ^ H\K, Oc,{r)) ^ H\K^, Oc,{r)) (3.3.13) 

First we prove p annihilates H^{Koo, C^Cp(^)) — H^{Koo, C^Cp)- Since for every contin- 
uous cochain / on Gal{Qp/Koo) with values in (9cp(taken with valuation topology), 
we can find a sequence of continous cochain /„ with values in Oq^ (taken with discrete 
topology) such that \f — /„| 0(see [13] 3.2 proplO), we just need to prove that p 
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kills H^{Koo, ^Qp)- This can also be seen in the following way: we have commutative 
diagram 

^Q. -Qp Qp/Cq, 

Oc, ^Cp ^Cp/Oc, 

where we put discrete topology on the first row and valuation topology on the second 
row and the vertical maps are continuous. Since by [13] prop 10, H^{K^,Oq^) 
is torsion group, we have another commutative diagram where horizontal maps are 
epimorphisms: 

By the way exactly the same argument can be applied to show that if some power of 
p kills H^{r, OK^{r)), then the same power of p kills H^{r, Ox{r)) too. 

By a well known result of Serre ([12] prop 8) that every continuous cochain 
in Gal{Qp/K^) with values in Oq^ comes by inflation from some finite Galois ex- 
tension M/Koo, we see pH^{K^,Ocj,) — follows immediately from the following 
generahzation of [13] 3.2, corl: 

Lemma 6. Let be a deeply ramified field. Let M/ be a finite Galois extension 
with group G. Let f be an n— cochain of G with coefficents in M{x) where x is any 
character of G, n> 0. Let c > 1. Then there exists an {n — 1) — cochain g of G in 
M{x) such that 

\f -6g\<c\5fland \g\<c\f\ 

In particular it follows H'^{G, Om{x)) killed by p, Vg > 0. Here \f\ denotes the 
maximum of the absolute values of the coefficents of f and by a {—1) — cochain we mean 
an element y e M{x)- The coboundary Sy of such a y is the 0— cochain TrM/Koo- 
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Proof. For more details about deeply ramified extensions see [2]. They are general- 
ization of totally ramified Zp extension studied by Tate [13]. There are 5 equivalent 
characterization of it one of which says if is deeply ramified, then 

TrM/K^{vc\.M) — trioo, VM finite extension of K^o 

where vcim and rrioo are maxiaml ideal of M and respectively. Hence there exists a 
(— 1)— cochain y e M(x) such that \y\ < 1 and \5y\ > c~^. Define an (n — 1)— cochain 
y U / by the formulas: 

f ^yf: if n = 

(yU /)(«!,... = (-1)" ^ siS2 - ■ -Snyfisi,. . . if n > 

s„eG 

One checks easily identity {Sy)f — S{yUf) = yU {6f) which holds formally and really 
has nothing to do with what x is- Now divide last equality hj x = 6y = Tru/K^y G 
we find 

f -5g^x-\yi^5f), With g = x-\y VJ f) 

Since \x'~'^\ < c, and \y\ < 1, we conclude the first part of the lemma. 

Now if / e H'^{G, Cm(x)), then we can find an [q — 1)— cochain of G in M(x), such 

that 

f — Sg and \g\ < c 

We can pick e.g c — 2. Then we see pf — 5{pg) with pg e H'^~^{G, Om{x))- Hence 
p/ = Oin/J«(G',C»M(x))- □ 

Secondly we prove i?^(r, Ok^{j')) is killed by a power of p. By 3.3.13, this 
will give (b) of proposition 3. Denote Kn as the cyclic subextension of K inside K^o 
of degree p^. Let o" be a generator of F = Gal{Koo/ K) and so F„ =^ Gal{Koo/ Kn) is 
generated by a^" . Let A — X™cio(c) which is = 1 (mod tt) where tt is a uniformizer 
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of K. Tate has defined a continuous operator t (an idempotent) on X(see [13] prop 
5,6,7) such that X is a direct sum of K and Xq — ker{t) and cr — 1 is bijective with 
a continuous inverse p on Xq. Moreover he proved 

\py\ < d\y\, My e Xq 

where is a constant depending only on the Zp extension in qucstion(scc Tate's 
remark after prop 6 in [13]). In particular if we replace K by as ground field, we 
get cr^" — 1 is bijective with a continuous inverse p„ on Xq and 

\pny\<d\yl MyeXo 

with the same d. 

Lemma 7. There exists integer a{K) which depends on K such that t{OK^) ^ 
P"'^^^Ok and we have the following exact sequence 

^ Ok^^, ^ Ok^ ^ p<^^Ok (3.3.14) 

where Ok^ , = Ok^ nXo. 

Proof. We need a known result which follows easily from the definition of different: 
Lemma 8. Let M/F be extensions of local fields. Then 

TraceyOM) = t^f 

where 5m/f is the relative different; ttf is a uniformizer of F and ordp is the valuation 
on F normalized so that ordpiT^F) — 1- 

Applying this lemma to Kn/ K, we get 

tr{OK^) = p-'^TraceiOKj '^^ p-"7rJ""+^-l0;, i tt^-Io^ (3.3.15) 

where (1) follows from [13] proposition 5 which use the classical formula expressing 
relative different in terms of higher ramification groups, ck is the absolute ramifica- 
tion index of K, i.e ordK{p) — e-K- ck is a constant. Let a{K) — [cK/eK], this gives 
the claim in the lemma 7. □ 
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We have exact sequence: 

^ H\r,OK^^,{r)) ^ H\r,OKAr))^P^^''^H\r,OK{r)) (3.3.16) 
We have by inflation-restriction sequence, 

This is because by [13] prop 8(b), ^^^ ^(r)^" C X(r)^" = 0. 

We have 

^P" _ ^ (^P" _ 1) _ ^^P" _ 1) ^ ^^P" - 1)(1 - (A^" - l)pn) (3.3.19) 

On the other hand, by Sen's result, H^{Kn, Ok^) is killed by p for all n, which imphes 

Vx e OK^ g,3y e Okoc, such that = (cr^" - 1)?/ 

Take any n big enough so that |(A^" — l)d\ < 1 and consequently 1 — (A^" — l)pn is 
an automorphism on Xq. Let z = {1 — (A^" — l)pn}~^y, then by 3.3.19 we have 

px = {aP" - XP^)z (3.3.20) 

Notice \z\ — \z— (A^" — l)pnz\ — \y\ < 1, hence z e Ckoo- is also clear that z E Xq 
as 1 — (A^" — l)pn is an automorphism on Xq. Hence z e Ok^^o- We conclude from 
3.3.18 and 3.3.20 that pH^{Tn, Ox^^oi''")) = ^ sufficently big and hence by 

3.3.17, pH\T,OK^ ^Xr)) = 0. Notice H\T,OKir)) is killed by pdW+ord^r) ^^ere 
(i(K) is the largest integer n such that K contains all th roots of unity. Now by 
3.3.16, p^H^{T, OK^{r)) = 0, for some b that depends on r and K. This gives (b) in 
the proposition 3. 

Finally to prove (c), we just remark the constant a{K) in lemma 7 depends 
only on the higher ramification groups of Gal{Kn/ K),\/n. If one consider L/K finite 
extension disjoint from cyclotomic extension oi K (in particular this is true ii L/K 



(3.3.17) 



(3.3.18) 
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is unramified) , then it is easy to see a{K) — a{L). On the other hand, d{K) also 
stays the same as K runs through the fields KnQ,m,vi ^fn, which has fixed ramification. 
Since the only dependence of the power of p needed to kill H^{K, Ocp{r)) in (c) is in 
a{K) and d{K), we see (c) follows. □ 



Remark 7. Wc had believed earlier that H^{K, Ocp{r)) is killed by a power ofp which 
only depends on r, by the influence of result of Tate and Sen. In order to prove this, 
it is clear one just need to elaborate on the dependence of a{K) in lemma 7 on K, 
especially when one replace K hy K^. The crucial point is even though X — Xq® K, 
but t does not respect integral structure and if^(r, ^^(r)) (which cause us all the 
trouble) is not a direct summand of H^{T, Ox{r)). One wants to prove the image of 
H^{r,OK{r)) — > H^(r,Ox{r)) is small. We have trouble proving this now. Hence 
we do not have the corresponding result of (c) in proposition 3 for p is nonsplit case 
yet. This will force us to modify somewhat the calculation of exp* in the following 
when p is nonsplit. 

A classical result of Sen([ll], theorem 3) says H^{K, Oq^) is killed by p, for 
all local field K. Recall Sen proved this in [11] by a careful study of wildly ramified 
automorphism of local fields, in particular 

Lemma 9 ([11] Theorem 2 ). Let M/F he a Galois extension of local fields whose 
residue field has char p and G — Gal{M/F) is a cyclic group of order p^ generated 
by a. Let 'Kp(resp. ttm) be a uniformizer of F (resp.M). Then 

H\Gal{M/F),OM) = ^'Pf-'Op/Tr'^Jt^OF 

where (/i) is the greatest integer less than (// + i{fi))/p^'' and i{fi) = ordM{{(^^ — 
1)tim/t^m), or-du is the discrete valuation on M such that cn-dMiT^u) = 1- In partic- 
ular H\Gal{M/F), Om) is killed by p. 

We will need the following 2 variants of it later: 
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Lemma 10. Let M/F be an abelian p extension of local fields whose residue field 
eoctension has characteristic p. Then H^{Gal{M/ F),Om) is killed by p^ , where the 
constant e is the number of cyclic components in the decomposition of Gal{M/F). 

Proof. By easy induction on the number of cyclic components, the lemma is reduced 
to the special case Gal{M/F) — Ci x C2 where Ci and C2 are cyclic p groups. Let 
C M be the field corresponding to C2, i-e Gal{M/N) — G2. Applying the spectral 
sequence associated to 

^ C2 ^ Gal{M/F) ^ Ci ^ 
we get the following exact sequence: 

H\Ci,OZ') ^ H\Gal{M/F),OM) ^ H^C^.Ouf' 

Since = On, and by lemma 9 (applying to M/N and N/F respectively), we get 

H\G,,OZ')^0, H\G2,Om)^0 

hence the lemma follows. □ 

Lemma 11. With the same assumption as in lemma 9, let x be a nontrivial character 
of G — Gal{M/F). Then H^{G , Om /p"'{x)) is killed by a power of p which depends 
only on F and x- 

Proof. We follow some argument of Sen. Recall that H^{G,Om{x)/p^) = ~ 
1)C'm(x)/p"' where ex G G is a generator and 

A ker{J2 ■■ OM{x)lf' ^ Om(x)/p") 

i=0 

Sen has found e M, 1 < < p" — 1, such that the x'^s and 1 together form an 
Of basis of Om- Let y^j^ — {a — l)xn. It is known ([11] theorem 1) that orduiyij) 
distinct modp". It follows that {y^, ji — l,... 1} are Op basis for (cr— 1)Cm- For 
any character x of it is clear that 1, y^/'K^p^ form an Op/p^ basis of A. Hence the 
claim follows from lemma 9 upon observing that Op/p^ /{I — x(c'")) (for x nontrivial) 
is killed by a power depending only on F and %. □ 

The difference between lemma 11 and lemma 9 is now there is contribution from Op. 
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CHAPTER 4 

COMPUTATION OF DUAL EXPONENTIAL 
MAP WHEN J = 



4.1 Elliptic units and Eisenstein series 

Here we will define exactly the elliptic unit u e 2loo we are going to use. 
The bridge between its Coleman power series and Hecke L-series in provided by 
Eisenstein series. We will recall some important results we need for our calculation. 
Of special interest is a congruence property between Eisenstein numbers (which can 
be thought of as special values of Eisenstein series at CM points of modular curves) 
and congruences with p-adic periods of an elliptic curve. We need these congruences 
to link L{%1)^, k) with L^ip'^'^^, k) and relate exp* map for M.k,j with that for M.k,o in 
the next section. Our main refrence for this section is [3]. 

Let be the fundamental theta function (see [3] p48 (7)) 

e{z,L) = A(L)e-^''("'^)V(^,L)i' 

and for a an integral ideal of K, define Q{z,L,oi.) = q-il) which is an elliptic 
function with respect to the second variable L. 

Now let us assume moreover that L has complex multiplication. Here are some 
important results we will use: (see[3] prop 2.3) 

1. Let m be a non-trivial integral ideal of v a primitive m division point of L. 
Assume (Q:,m) = 1. Then 

• Q{v, L, oc) e K{m) : it is a unit if m is not a prime power 
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• Q{v, L, otY' — Q{v, c~^L, ex.) — ©(■0(c)v, L, ex.) where c is any integral ideal 
prime to m,ac is the image of c under artin map and ip — ipE ior elliptic 
curve E corresponding to L. 

2. Let and b be two integrals of K, prime to each other, then there is distribution 
relation: 

Y[ Q{z + v,L,a) ^e{z,b-^L,cx) (4.1.1) 

veb-^L/L 

Define elliptic unit u e 2loo as follows: 

1 (a): if p is a good split reduction prime, set Q, = fioo// where (/) = f is 
the conductor of ii^(or ijj), where L = Q^oOk the period lattice of our CM elliptic 
curve E. Define 

en,m = ©(^^, P"p*"^i^, a) = e(^^, L, a) e K{fpyn* 

Define 

Un,m — NormK{^rip*myKn,m{^n,m) 

From properties above we see they are units in Kn,m- 
Lemma 12. {un,rn)n,m o,re norm compatible. 

Remark 8. A special case of this for e„,o is stated without proof in [3] . 
Proof. Vni > n2,mi > m2, 

A^ormK(fp«ip™i)/if(fp"2p™2)(e„i,„J = Q{'il){c)^^^, L, a) (4.1.2) 

by property of Galois action, where S is a set of integral ideals of K such that 
{(b,X(fp'*ip*"^i)/X) : b e 5} describes precisely G'aZ(ir(fp"ip*"*i)/X(fp'*2p*m2)) 
Since conductor of (^) = f, by definition of set B, we have 



V'(c) = 1 mod fp"2p*"»2 
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Hence as c runs through set B, (V'(c)-l)Q/7r"i7r*'"i exactly runs through p"i-'^2p*("^i-'"2) 
primitive torsion points of L. Hence by distribution preperty we have right hand side 
of 4.1.2 is also equal to 

Now it is easy to see Un,m are also norm compatible. □ 

1 (b) : if p is a split bad reduction prime, define 

en,m = e(Q',p"p*"^L',a) e i^(0p"p*-)* 
where L' , Q,' and is defined the same way as above, but for E' . Define 

and set Un,m = NormF„„^/Kn,m.{'^'n,m) for n > m(p) It follows similary as above that 
Un,m are norm compatible units. 

2 (a): when p is a good nonspht prime, define e„ = 6(0, p"L, a) e i^(fp'*)* 
and set w„ = Nor'mK{jpn)/K„{^n) which by the same proof above can be seen to be 
norm compatible units, hence indeed u e 2loo. 

2(b): when p is bad nonsplit prime, define e„ = 6(0',p"L',a) e K{Qp'^) and set 
u„ = A^ormK(flp»)/F„(e„) and Un = NormF„/Kr,{u„) for > "^(p) 

Now for each prime ideal p of Ok which is a good reduction prime for E, 
fix once for all a basis for Tp{E) as follows: Let Wn be the unique f division point of 
p'*L such that 

where {e,L) : C/L E{C) is defined in the begining of section 2.3 (note this map 
is not Galois equivariant) and = frobp. It follows that Wn = w„_i (mod p"~^L). 
In particular, Wn = wq = Q (mod L). Define f„ = Wn — O mod p"L and let = 
P(7r~"f„)/P'(7r^"f„). It is clear ^„ is a primitive tt" torsion point of (f)~"Ep = Ep 
since E is defined over K. Also by definition [7r]^„ = Cn-i, hence {Cn}n G Tp{E) is a 
basis. Note A(^„) = 7r~"i'„, where A is the inverse of e which (as we have seen in the 
proof of lemma 2.2) can be viewed as the canonical logarithm: £'p — > Ga. 
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Lemma 13. The Coleman power series of {un,m}n with respect to the chosen basis 
above is: 

Yl P{n<-'^^X{t)y (4.1.3) 

aeGal{K{f)/K) 

where P (z) is the Taylor series expansion of Q{n*^~'^^Q — z,L,cx) and a acts on 
coefficents. Recall t is the variable on formal group Ep. and tt* = When p is 

nonsplit, there is no m and the statement about coleman power series holds without 

^*(-m) l^j.^ 

Proof. First notice for any m torison point and integral ideal c prime to m, we 
have 

Q{z + p^, L, cxf^ = e{z + tl^ic)pra, L, a) (4.1.4) 

This follows because Q{z, L, a) is a rational function of V{z) with coefficents in K, 
so by addition theorem Q[z-\- pm, L, ot) is a rational function of V{z) and V' {z) with 
coefficent in A'(fra). Since 

we get 4.1.4 on applying (c, K{fm)/K) to the coefficents of Q{z + Pm, L, a). 
By definition of Coleman power series, we want to show that 

By the careful choice of Wn it follows that 

P'^-"(^) = e(wn/7rV(-'") - z, L, a) 

Hence 



P (tt '^(^)) \t—^„ ^i^nj^*m ^n^*m ' '^'^ ^ 

the last equahty holds because of the choice of Vn and that 



n,m 
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Finally it is clear that the Coleman power series of {un,m}n is "norm" from K{f) to 
K of the Coleman power series for {en,m}n- n 

When p is a bad reduction prime for E, as usual we replace E by E^'and 
argue just the same to conclude that the Coleman power series for {u'^ ,m}n is : 

-Q p(7r*(-™)A(t))'^ (4.1.5) 

aGGal{K{g)/F) 

which is to be interpretated the same way as above when p is nonsplit prime. 

Recall we want to evaluate exp* on So{u). To apply Kato's result we have to 
calculate logarithmic derivatives of Coleman power series above which are essentially 
Eisenstein series. We brieftly recall as follows: ([3] 3.1) For integers < —i < k (we 
are going to apply these results with i — —j) 

(a) : 

Ei^kiz, L) = {k - l)\A{Ly ^(^ + uj)-^{z + iJj)-\ k + i>3 (4.1.6) 
where A{L) = Area{C / L) , tt = 3.14 • • • . Define 

Define Ei k{z, L, a) = NcxEi^k{z, L) —Ei^^i^, cx~^L) and denote Ek{z, L) — EQ^k{z, L), 
Ek{z, L, a) = Eo^k{z, L, a). 

(b) : (see [3] p57-58) 

{^)HogQ{z,L,a) = -12Ek{z,L,a), Vk > 1 (4.1.7) 
az 

Here we can kill the constant 12 if we had used 12th root of ©(-2, L, a.), but since we 
are verifying Tamagawa number conjecture up to power of 2 and 3, we do not have 
to do that. 

(c) : Let m be any nontrivial ideal and be a primitive m division point of L = 
period lattice of CM eUiptic curve E of conductor f. By 4.1.7 it is not surprising that 
we have following properties similar to that of theta functions: ([3] 3.3) 
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• Ei^kicz, cL) = c' ^Ei^k{z, L) 

• Ei^kiPm) e K{Lc.m{f,m)) 

• Ek{p^) is p integral if m is not a pure power of p,\/k > 2 (see lemma 22) 

• If c is integral and (c, f) = 1, then 

Ei,k{Pra, Lr = Ipicf'^EiAPra, ^^L) (4.1.8) 

(d) :([3] 3.2) There exists a unique polynomial in Z[Xi, • • • , of degree 1 — i, 
isobaric of weight k — i {Xk is given weight k) such that 

Ei,k = 2-'$j_fe(£^i, • • • , -Efe-i) 

Furthermore 

^i,k — (— 2Xi)~'Xfe + terms in which Xi appears to degree < —i (4.1.9) 

(e) : We have the following link between Eisenstein numbers and special values of 
partial Hecke L-series:([3] 3.5) let c be an integral ideal prime to f and f | m, VQ e C, 

Nm-'^;^ fe(fi, c-'mQ) = (A; - l)!(^)^Q^-'=V'(c)'="'L(V5'^"', (i^MZ^)^ k) (4.1.10) 
' 27r c 

Here the partial L value means summing over all integral ideals of K prime to m and 
whose artin symbol in Gal{K{m)/K) is equal to that of c. Combined with 4.1.9 this 
gives a link between L{'^^~'^,k) with L{'^^,k). We delay this study till we need it 
later. 
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4.2 Calculation in the case j = 

Lemma 14. Let L/K he a finite extension of p-adic local fields. Let V be a de Rham 
representation of Gal{K / K). Then (1) the following diagram commutes: 

H\L, V)^^DR^{K, V) ®kL 

res inclu 

H\K, V) -^^^ DR^{K, V) 

(2) exp* commutes with Gal(L/K) action, where V0 e H^{L,V),yg e Gal{K / L) 

a(j){g) =^ a{(j){a-^ga)),W G Gal{L/K),a is a lift of a to Gal{K/K) 

Proof. The commutativity of the diagram follows from the functorial property of 
either definition of exp*. Let exp* {(f)) — a, i.e by second definition, 3m & V ® S^r, 
such that 

- logXcycio(5') lJa = gm-m,yg e Gal{K/L) 

in particular we have 

(f){a^'^ga) — logxio'^^go') U a = {a^^ga)m — m 

Let a acts on both side of the above equation, noting that xi'^'^Q^) — xiQ)^ we get 

((^0)(fl') - logx(5') U (aa) = g{am) - am 

hence by definition exp*{a4>) = aexp*{4>). □ 

Remark 9. Since y is a vector space, the above restriction map is injective. We can 
view the bottom row as the Gal (L/K) fixed part of the upper row. 

Lemma 15. Let K/Qp be finite extension. Let Vi be de Rham representation of 
Gal{Qp/ K) for i = 1,2. Suppose given a Gal{Qp/ K) equivariant map f : Vi ^ Vi, 
then the following diagram commutes: 

H'{K,V,)^H\K,V2) 

exp* exp* 

DR\V^) DR\V2) 
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Proof. V(/) e H\K,Vi),yg e Gal{Qp/K), define {f(f))ig) = fi^g))- Check that f(f) 
such defined is a cocycle: 

{f<t>){9i92) = f{(j>{gi92)) by definition 

= /(0(fl'i) + 91H92)) since is a cocycle 

= /(0(fi'i)) + 9if{<f>{92)) since f is Gal{(^p/K) equivariant 

Let exp*{4>) = a. Applying / to the defining equation for a, we get 

f{H9)) - logx(^) U (/a) = /(^m) - fm = g{fm) - fm 
hence exp*{f(f)) — fexp*{(f)). □ 



^.^.i j = and p is a good reduction prime 

In this case Kao/K is totally ramified at p and v is the unique place of 
above p. Observe by definition (see definition 4 in section 3) of Sn{uv) G 

So{uy) ^ rSniuy) 

TeGal{Kn,v/Kp) 

under the restriction map 
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using Kato's results (theorem 1), we have 

1 _^l.r, d 



^ ^' aeGal{K(f)/K) 

12 



^ ^ aeGal{K(f)/K) 



^ ^ aeGal{K{f)/K) 

{k-l)\ ^ "V" ' 



aeGal{K{f)/K) 

(4.2.1) 

where equahty (*) follows from lemma 12 and by definition of Here u = X'{T)dT 
and zu = uj'^(''+^')e'^^~^\ Now we relate the last equality to special values of Hecke 
L-series as follows: 

aeGal{K{f)/K) 

beB 

i 5:Na£;,(^(b)^,^fp") -i^.(^(b)^,^(a-)^fp") (4.2.2) 
= E (^) {NaE,(V^(b),fp«) -^^a)E,(V^(ab),fp")} 

beB ^ ^ 

= (^^) {NaL;,„(V'-^l,0) - V''(a)L;,„(V'-^<7„,0)} 

where i? is a set of integral ideals of K whose artin symbol in Gal{K{fp"-)/K) describe 
precisely G al {K {fp'^) / Kn) and in the last equation, 



^x„(^/c,(x„,s) = J2 ^ '=(c)Nc- 



ceOK,(c,ft3)=l 
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(1) holds by definition and (2) follows since ip{cx.) is a generator of a. Compare with 

(V'(b)+a;)*^' 



W(b),fP")=E7j^'V^^2,VbEi^ 



a;Gfp" 

Notice {{tjj{b) + uj) : b ^ B,uj E fp"} is precisely the set of integral ideals of K prime 
to fp** whose artin symbol in Gal{Kn/ K) is aa. by choice of B. Also since ip has 
conductor f , we have 

^{{ip{cxb) + a;)) = ^{ab) + u;, Vo; G fp" 
It follows from the definition oi Ek{z,L) that 

E,{^{cxb),fr) = {k-l)\LKifp^){^-\a^,,0), V(a,fp) = 1 

and also 

J]E,(^(ab),fp") = ik-ly.LK^^l^-',a^,0) (4.2.3) 

beB 

Combining these equations, we get: 

= > rexp {Sn{uy)) 

w — ' 

= -12u;-^5]Na£;fe(V'(bc),fp") - V'(a)£^fe(V'(abc),fp") .4 2.4) 
cec 



where C is a set of integral ideals of K whose artin symbol in GaZ(ir(fp") / K) describe 
Gal{Kn,y/Kp) — Gal{Kn/K) and Lfp{'ip'''', s) means the incomplete complex L-series 
with Euler factor at p and places dividing f deleted. 

Remark 10. 1. equality (*) follows either from lemma 14 (2) or one can take note 
of the fact that rSniuy) = Sn{{u'^)v) by definition and that the Coleman power 
series for is simply r acting on the coleman power series for u. Then we can 
repeat the above argument exactly the same way for . Later in the case when 
J > 0, we do not have analogue of lemma 14 as we do not quite have the exact 
definition of finite version of exp* . Then we will apply this alternative method. 
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2. note in the above calculation we take any n > 1 and get the same results (as 
we should). One can just take n = 1 in this case. 

4-2.2 j = and p is a bad reduction prime 

In this case, K^/K is still totally ramified at p, v being the unique place 
lying above p in K^o- The places of F^o lying above p are {v'^-, a G D} where D is a set 
of coset representatives of Gal{F / K)/Gal{Fy/ Kp). We want to relate exp*{SQ{uv)) 
with exp* {S'^{u^)) which we can calculate by the same method from last section 
applied to {F,E'). The following argument works for any n > m(p). In particular 
one can just take n — m(p). By lemma 14 and 15, we have the following commutative 
diagram: 

H\K,,T,{Er^-^\l)y^®^\,H\F^^^,T,{Er^-^\l)) 



exp 



exp 



exp 



Here the maps (induced by) / are isomorphisms. It follows 



(4.2.5) 



exp*{So{u^)) = f ^{exp* o f o (©rp|pres)(S'o(M„)} 

= f-\exp*of{ Yl ^S^iO)} 

T&Gal{Fn,v/Kp)xD 

= r'{exp*{ Yl 

TeGaliF„/K) 

The last equality holds because: 

Lemma 16. Let L/Kp be finite extension. Let Ti,i = 1,2 he rank 1 Op module with 
continuous Gal [Kpl Kp) action. Suppose given f : Ti T2 a Gal{Kp/ L) isomorphism 
under which T2 = Ti{rj) where r] is a finite character of Gal{L/ Kp). Then 

f{a(P) = r}-\a)a{f<P), Va e Gal{L/ Kp), cp e H\L,T,) 

Same conclusion holds for finite version of this, i.e replace Ti by Tj/p". 
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Proof. Under map / we have (7(/a) = r){a)f{aa), Va e Ti, cr e Gal{L/Kp), i.e af — 
r]{a)fa. Hence e Gal(K^/L), 

[a(m(g) = (a(m(a-'ga) = r)(a)f(a<l>(a-'ga)) = rj(a)(f(a<l>))(g) 

so a{fcf>)^ri{a)f{acf>). □ 

We apply this lemma here with Ti = Tp(E)®(-^)(l) and T2 = Tp(E')®(-^)(l). Recall 
-0' = ifje, so in applying the above lemma, we take r] = e~^. Now we calculate 
exp* {S'^{u^)) using Kato's theorem: 

e^P*«Ki) ^ _i2(Q')-^(N«L^„(^'(-'^),r,0) -^'(-^)(a)L^„(^'(-^),a.r,0)} 

(4.2.6) 



where r e Gal{Fn/K). Recall when j = 0,tu = o;®*^. Also / ^{fl'^) = rfloo and 
/*a;' = ruj. Combining 4.2.5 and 4.2.6 we get 



777 ' ■* 



TeGal(Fr,/K) 

= -12r^ 5] e^(r){(Q')-^(NaL^„(V''(-'=\r,0) 

TeGal{F„/K) 

-V''(-'=H«)^F.(V''^-'\^«r,0))} 

= -12 (^^^ {NcxL,,{{^|;'e-y^ 0) (4.2.7) 
- 5] i;'\a)e-\a)e\Ta^)L^„i^l,'^-'\ ra^, 0)} 

reGa/(F„/i<r) 

= -12 (^^) ' {NaL,p(^-^ 0) - i^'{a)L,,{i^-', 0)} 



-12( ^) (Na-V^'^(a))Lgp(r^O) 
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CHAPTER 5 
DUAL EXPONENTIAL MAP WHEN J > 

Here we will deal with p splits and p is nonsplit case seperately. Fix integers j such 
that < j < A; and k — j > 1. Consider a general setting: E is an CM elliptic curve 
over K, p a, prime of K such that E has good reduction at p. Define 

^ fVp{E)^^''+^\-j)®Vp*{E)^(>'+^\-j) if p splits 

\Vp{E)^^''+^\-j) if p nonsplit 

Equivalently, 

' Qpii^?^'"''^-') © QA^P'"''^-') if P splits 

,i^p(^p^^'^'^) Qpi-J) if p nonsplit 

Let Wp = Vp{j). We have 

DR{Wp) = Fil-^^+^^DR{Wp) D • • • FifDRiWp) D Fil^DR{Wp) = 

In particular when p splits, since ipp* is unramified at p, we get 

FifDR{Wp) = DRiQpiiPp'^'^)), gr'DR{Wp) = DRiQpiipf'^'^)) 

Since filtration for DR{Vp) is just a shift of the above filtration to the right by j 
we conclude that gr^^DR{Vp) and gr^DR{Vp) are 1 dimensional Qp vector space 
and gr-^DR{Vp) = 0,Vn 7^ -k,j. When p splits, we still have D R{Vp) / D R^ (Vp) = 
DRiQpii^f'^^-^)). 

With calculation of exp* in mind, let us now consider DR{L, Vp*(l)) where 
L/Kp is a finite extension and for p | p 

Note DR^{L, Vp*(l)) is 1 dimensional over L. Let Tp be defined similarly using Tp{E). 
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Lemma 17. 

L»i?°(L, Vp*(l)) ^ colie{Gf^''+^^ (g) coZie(G^)®(-^) ® L 

where G is the p divisible group associated to Ep and Gm is the formal multiplicative 
group. 

Proof, the key point is the following commutative diagram: 

coZie(G')®(*^+^) (8) 1 ^ Vp{E)^^-''-^^ (g) B^^' 

{ds/i+s)«>(-j^ e 
colie{G)®^^+^^ ® colie{<Q^)®^-^^ ® Vp{E)®^-''-^\j) ® B^^ 

where map 9: (g) x E Vp{E)^'^-''-^'^ (g) B'^^^ , e{v ® x) = {v ® e^) ® {xt'^). Here e 
is our fixed basis of Zp(l) and define t = log[e] as usual in the theory of i^crys which 
gives us a Galois equivariant embedding: 

Zp(l) "-^700:6 1-^^ 

The above diagram commutes because the horizontal maps come from pairing 

colie{G) ® Tp{E) J^, coZie(G^) Zp(l) 

Using definition of this pairing, we see {ds/l + s, e) h- > t as the logarithm of G^n associ- 
ated to ds/l + s is just the usual function log. This says the diagram is commutative. 
Now notice the vertical maps are Galois equivariant isomorphisms. Kato proved ipi 
is a Galois equivariant isomorphism, which follows from the pairing above. Hence we 
see ■02 is also an isomorphism. Take H^{L, — ) of it, we get: 

coiie(G')®('=+^) (8) colie{Gmf^-^'^ H\L, Vp{Ef^-^-^\j) ® B\^) 

H%^Vp{Er^-'-^\j) ® Bl^) ^^^^^ 

= H\L,Vp{Er^''-^\l+j)®Bt^) 
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where (*) follows from p-adic Hodge- Tate decomposition of Vp as we remarked above 
that Vp(E)®^-''-^\j)®B'^jB'+^^ ^ Cp{-k+i) and the fact that H^{L, Cp{-k+i)) = 
0, since when 1 < i < k - 1, -k + i ^ and H\L, Cp{m)) = 0, Vm 7^ 0. □ 

We also need the integral version of above lemma, namely there exists integer 
N such that under ■02 in lemma 17, 

co/ie(G)®('=+j) ® co/ie(G^)®(-^) ® ^ p^Tp{E)®^-^-^\j) ® (5.0.3) 

We also have the following analogue of 3.3.5: VL finite extension of Kp, 

(5.0.4) 

with cokernel killed by , where N is independent of L. 

There is a unique homomorphism of formal groups over Ocp 

T] : Ep^ Gm,7]{^) = e 

and 3Jlp e Oc making the following diagram commutes: 




This is well known in the case p splits, since then Ep and Gm are two 1 dimensional 
Lubin-Tate formal group over Qp which correspond to uniformizer tt = ip{p) and 
p respectively. Moreover they become isomorphic over Q^'^''. In general a result 
of Katz [14] (section 6) says that Hom,Ocp{Ep,Gm) is a free Op module of rank 1. 
Since p{T) = log(l + r]{T)) satisfies p(Ti[+]T2) = p{Ti) + ^(Ta), it follows from the 
uniqueness of normalized logarithm of Ep that 3ftp e Oc^, such that p — flpX {ftp is 
just the coefficent of T in p{T)). Prom this we have 

rf{- ) = flp)^{T)dT = flpcu, by lemma2 
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Since [tt] = \pa ^] for some a e 0*j^^ (even in when p is nonsplit), again following 
the definition of the above paring, we get: 

a; (g) ^ I— >• flp^at 

5.1 p splits 

5.1.1 p is a good reduction prime 

In this case we have seen in lemma 3 there is an integer M such that Vm > 
M, the set of places in -fCo.m above p is the same as the set of places of lying above 
p and they are in 1-1 correspondence with B which is a set of coset representatives 
of Gal{Ko^M/K)/Gal{Ko^M,v/Kp)- In this section, we denote = Vp{E)'^'' and 
Tp = Tp(^)®*^ (we work exactly with when j = 0). 

Theorem 4. (1) ^ integer c,e both independent of m and Am € Ok^/P"^, such that 
Vm > M we have equality in H\Kp, {T* ® Joo/^I^^^Vp"") : 

P^c^;5^(ii^) =p^A^roUlogXG (5.1.1) 
V\P 

(2) 31 e {1, • • -p — 1}, 3A e suc/i ^/lat cA e Ci^^; ano? /or all m big enough we 
have 

cA = Ami (modp™) 

(3) 

y exp*{So{u^)) ^ -12a-^- ( f]-^-^(Na - V^^r^■(a))L^p,(V^^+^ it) 

(5.1.2) 

Remark 11. • It follows from (1) of the theorem and the definition of exp* com- 
bined with the fact that logxc and logXcycio have the same image in H^{Kp, Cp) 
that: 

^y exp*{So{u^)) ^^^ (modp— ),Vm>M + e 
%p 
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By (2) and the fact that c is independent of m, we have 



exp* {So{uf;(i)) — Aw 



(5.1.3) 



In the process of proving this theorem, we will give an explicit formula for 
and A (i.e just the righ hand side of 5.1.2). In particular they are closely related 
to L{M.k,j: 0) as we want. 

• This theorem which is an analogue of Kato's theorem when j — (see theorem 
1) seems to apply only to special element So{u) where u is our chosen genera- 
tor of elliptic units. In the proof we need to be able to compute explicitly the 
logarithmic derivative of coleman power series for u (which for our u is essen- 
tially Eisenstein series) and to pass from j — case to j > case. For our 
chocice of u we rely on some special property of Eisenstein numbers. However 
it seems impossible to describe explicitly the image of exp* on arbitrary element 
oiH\K„V;{l)). 

Proof. The key point is the following 2 commutative diagram: | p 

02 



h\k,,{t;®^)/p^) 



P3 



■P 
U log XG 

H'{K„ {t; 



rlfe+i] 



)/p™) 



P5 



U log XG 
-^-H"°(-^l,m,q3, (^p 



p -o- j[k+l\ 



)/r) 



)/p-) 



05 
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//i(Xi,^,<p,t;(i)/p-) 



P2 



.//i(Xi,„,^,t;*(i)/p-) 



02 



03 



P4 



UlogXG 



UlogXG 



06 



coZie(G')®('=+^') (8) coZie(G„)®(-^') (g) O/^,,^.^ /p"^ colie{G)^'' (g) Ci^,,^,^/p"* 

Here are the maps used in the diagram: pi and ps are restriction maps; 

Ps, p7 are inclusions; 9i and ^2 is what we had called ti in lemma 5; $3 is composition 

of ii with the map induced by multiplication by J1^q;~^ mod p"* on JooZ-^I^^^Vp"*; 



P2 is U^m^ and p4 = pe are composition of map U(Z^ with the map induced 
by multiphcation by Vt®^a~^ mod p™; pg is tensoring with a;'^^"^^ {ds/1 + s)®-' 
mod p™"; 9q is what wc called L2 in lemma 5 and induced from 3.3.5; similarly ^4 and 
arc induced from 5.0.4. Note that p2 is well defined since C,m (which is a fixed basis 
of Ep*m) is rational over Ki^^n by definition; p4 is well defined since 

a% = (^(a)/x(a))np, Va e G'a/(Q;/i^p) 

which can be deduced from the definition of Q,p (see [6] 2.7 when p sphts and [14] 
theorem 6.1 when p is nonsplit). Note our definition of coincides with Yager's but 
it is actually inverse to that of de Shalit and Harrison. When p splits, exactly 
describes the Galois action on C,. By the way it follows from these that VLp lies inside 
Qp when p splits and when p does not split, Vlp lies in the completion of Kp{Epoo). 



-j) 



Remark 12. When p splits we can easily makes sense of the map 

mult by QPpa-^ mod : J^/J^^^^/p^ ^ Joo/Jt^'^/p' 

^ uiir 

since Qp C -Bcrys and Qp is integral (even a p unit). 
Lemma 18. The above diagram commutes. 



57 



Proof. By definitions of various maps used in the diagram, the only nontrivial part 
of the commutativity is the lower right corner. This can be seen from Kato's pairing 
colie{G) ®Tg^Joo (take G — Gm, or the p divisible group associated to Ep) under 
which 

ds . 

e I— > Lij®t^\l^ at 

1 + s P 



Lemma 19. (1): the maps p2i,i = 1,2,3,4 are isomorphisms; 

(2) : ker{p^) is killed by p^ where e is an integer independent of m and for all m big 
enough; 

(3) : the image of pi is the Gal{Ki^m,^/ Kp) invariant part of the target space. 

Proof. The claim (1) for p2j, = 1, • • • , 4 is clear, as Qp, a are p-units. 
(3) follows from exact sequence 

we have 

^ OkJt:"^ - {OK,,^^j7:"^f<^^^-^^/^^^ ^ H\GaliK,,^,^/Kp),OK,^^^^) 

(5.1.4) 

Apply lemma 9, recall i^i,m,«p/ Kp is not wildly ramified which implies that defined 
in lemma 9 is in our case. Hence 

H\Gal{K,,^,^/Kp),OK,,^^^)^0 

Now we prove ker{p^) is killed by p^ for some integer e independent of m. 
To show this, we will use (a),(b),and (c) below: 

(a) : ker{p^) = H\Gal(K,,m,v/ Kp), (^(T; ® Joo/j|^^ ' ' )■ 

(b) : we have exact sequence 



58 



By obvious exact sequence and proposition 3(c), H^{Ki^jn,^, Boo/ J^^^^) is killed by 
some which depends only on k. Hence we see 

p'{OK,,^^Jpn = {Boo/Jt'^p-f'^'^'^''''-''^ (5.1.5) 
(c): by 5.1.5 and 5.0.4, we have 

where N is independent of m. Consider the following exact sequence: 

H\G, Ok,,^^^) ^ H\G, Ox,,.,^/p"^-^-^) - H'iC Ok,,^^^) (5.1.6) 

where G = Gal{Kijn,^/ K^). By lemma 9, H^{G, Ok^^^) — 0. Since as m — > oo, the 
fields K 

i,m,*p has fixed ramification, we see 

H\Gal{K^,^,^/K,),OK,,^^^) = OkJTt{Ok,,^^^) 
is killed by for some a independent of m. Hence 

p'^H\Gal{K,,^,^/K,),OK,,^^Jp"^-''-'') = 
Now take e — N + d + a which is independent of m, we get 

p^ker{pz) — 

□ 

Prom now on we make the convention that Vu e Gal{Ki^m/K),ip{a) means 
■0(^) mod p"* which is well defined for any a which is a lift of a to Gal{K/K). When 
we talk about congruence, we meant for Cp and not necessarily for integers. 



Now chasing diagram begining with S'o,m('U«p), = v'^, rj E B. First 

rT&Gal{Ki^rn,<p/Kp) fr- . ^\ 

^ _. . (5-1-7) 

= 2^ i^^{(7'n)(Tr]Sm{Uy) 
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where t/j — t/j/x and t/j ^ describes the Galois action on Tp*{E). Here Sm{u<:p) denotes 
So,mii^^) U Cm^ '^^ which is nothing but the image of norm compatible units {un,m}n 
in H\Ki^rn,^,Tp{E)^^~''\l)/p"^) defined just as we did in definition 4 when j = 
and p is a good reduction prime, except instead of using base field Kp, we make 
an unramified field extension and use -ftro,m,<p as base field. Coleman power series 
for {un,m}n has been computed in lemma 13 and we can now apply Kato's "finite" 
version of exp* proposition 2 and in particular 3.3.11, which gives us equality in 

- E (^31)!^"''^^' ® ^ log(r 'e^''(l]/7r*- - L, a))} 
= -12 y p{^—^Tr-''7r<-"'''^El\-^, L, a)u;®'=) 

(5.1.8) 

where we use C to denote Gal{K{Si'p*™') j K(Ep*m)). We can argue completely the 
same way and get a formula for coSm{^a^),\lG G Gal{Ki^rn,v/ Kp) and the only change 
in the corresponding result is to replace EJ.^ in the above equation by E'^'^''K Note 
map p in 3.3.11 is just 6*6 o U(logXG) here. Combining 5.1.7 and 5.1.8 and chasing 
the diagram, we have equality in H^{Ki^ra,^-, {Tp* (8) Joo/ J^^^^)/p"^)- 



CP4 O P3 O 6'i(S'o,m(w<p)) 



C63 O p2 O pi{So^^{u^)) 

{k-l)\ 



aeGal{Ki^rn,v/Kp)xC ^ 

(5.1.9) 

where the last equality holds becasue 

i){T) = 1 (mod p"'), Vr e G'aZ(X(fp*"')/ir(£;p™)) 
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It follows from this that in equality in {T* (g) Joo/^l^^^' 



CP3 O 9i{So^rn{u<;(i)) 



(5.1.10) 

Now observe A^,^ e ^^imsp/'^'" fixed by Gal{Ki^rn,'^/ Kp) , since 

^mH^irr E ^'H^)^r(^,^,«)} mod (5.1.11) 

^{n^ E Vi^M^r(^,^,«)} modp- 

<TeGa/(/s:i,,n,,; /Kp ) X c 

So by lemma 19 (3), cAm,r,v!J comes from colie{G)^^''+^^ ® coZie(G^)®(-^Vp"' via 
and by the commutative diagram, together with lemma 19 (2), we have the following 
equality in H\Kp, {T; ® Joo/ J^^'^'Vp"): 



P^Cei{So,rn{u^)) ^ f^7n,r{^ U log XG (5.1.12) 

Define G Cp/p"" as follows: 
A -S^ A 



-''^^""7^"""*'""^ E ^^■(-)^.^(-^'^'«) (5.1.13) 



o-eGai(K(fpp*'")/J!') 

We have by 5.1.12 equality in E^{Kp, (T* Joo/^cI^^^Vp™ 



p"c^^i(5'o,„,(ii<p)) =p"A^^i7UlogXG (5.1.14) 
^PlP 
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This settles part (1) of the theorem 4. Now our objective is to rewrite 
and to study its dependence on m. This gives us naturally the definition of A. 
Here we use crucially a congruence between p-adic period with values of weight 1 
Eisenstein series which in the case p splits can be found in [3] ( 4.14 (41) ): (but be 
careful his notation f, fl, flp are different from ours, m has the same meaning though) 

= -N(fpp*-)£;i( A,pL) (mod p"") (5.1.15) 

where mo is a constant independent of m. 

We also need a congruence between different Eisenstein numbers as follows: 
(see [3] 3.4 (12), in the notation of [3], take c = N(fpp*"^), m = fpp*"*, = Q/tttt*"^) 
VO < J < k, 

i-2cE,{fi, L)yEk{fi, L) = {2cyE_j4fi, L) (mod /p-p*) (5.1.16) 
or equivalently 

i^^yE-,k{^,pL) ^ {-2cE,{^,pL)yE,{^,pL) mod p— (5.1.17) 
Using 5.1.15 and 5.1.17, we have: 

^<%yEl{^.pL) modp- 

^ c{-^{^pp*^)y{El{^,pL)yEl{^,pL) mod p"o-.-/= 
= c(-N(fpp*'"))^-E!^. ,(-^, pL) mod p"o-.--fe 

^(^'«. {^M=yji) , 

(5.1.18) 

where c is an integral ideal of K such that a — Oc & Gal{K{fpp*'^)/K) and the last 
equality follows from : 
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and we apply 4.1.10 with m = fpp*"* and = Q/tt*"' = Vt^/fn*'^. Note also tt in 
^Jd^jl-K in 5.1.18 is 3.14. . . 

Remark 13. Recall Ek{z, L, ct) = lSia.Ek{z, L) — Ek{z, cy.~^L), one can apply similar 
arguments to Ek{z,ilj{a.)(y.^^L). The point is the integral and congruence property 
we used before for E-j^k{z, L) really requires that L is taken to be the period lattice of 
some CM ellptic curve with good reduction at p. Hence we have to apply arguments 
above to Ek{z, '4>{oi)or^L) and not Ek{z, oT^L), since '4>{oi)or^L is the period lattice 
of not oT^L. This is more nontrivial when we consider K with class number 
bigger than 1. Also when E has bad reduction at p as we are going to deal with in 
the next section, we replace E by E' which has good reduction at p and apply above 
arguments to Ek{z, L'). 

So we get similarly to 5.1.18 

c%i''{o)El{^,cx-'pL) 

= c^l;\oc)^l;^{a){n,yE^,{i;{oc)-^,pL) mod p- 

^ c^'=^-^(a)^^(aa„)(l],)^V5^(a)Er"(^,P^) mod p™ 



2n 



(5.1.19) 



Let be a set of integral ideals prime to fp such that { (^ ^(fPP*p/^ J ■,ceW} describes 
precisely Gal{K{fpp*"')/K). Combining 5.1.13, 5.1.18 and 5.1.19, we get 



lK\n-'-^.--' ^{NaL(^^«, nSMpIE\ 

- ^''^-'{a)L{^''+^, (^Eil^^im^ , k)} mod p"o-i-fe 

= -12ca-J' (^^^^ f^-J- V™^ (Na - V'*^V5"^'(a))L^p*(V'*=+^ k) mod p"o-i- 

(5.1.20) 
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Here Lfpp*('0'^+^, s) is incomplete L-series. We see the only dependence of right hand 
side of 5.1.20 on m is in the term tt*"*. But since tt* = ip{p*) is a p-adic unit, there 
exists I such that tt*' = 1 mod p. Let 

^ - "-'-^C^" - ^ (5.1.21) 

which is independent of m. We have 

cA = Ami mod p'" 

for all m sufficently big (so that (/ — l)m > mo + j + k), since tt*'"^ = 1 (mod p™) by 
choice of /. This proves (2). □ 



5.1.2 p is a bad reduction prime 



In this case the set of places of F^o lying above p is in 1-1 correspondence with 
C X D where C = Gal(F/K)/Gal(F^/K^) and D = Gal(Fo,M/F)/Gal{Fo,M,v/Fy). 
Denote in this section fp = Tp(E')®('=+^)(-j) and = Tp(E')®('=+^). Continue to use 
Tp and Tp as defined in last section. We need the following commutative diagrams 

analogous to the the two diagrams wc used in section 5.1: 

H' (Kp, T;{l)/pn ^ Er,ec (F„(p),^,.. , Tp* (l)/p-) 



01 



U log XG 



H%Kp, {t; ® -ife^)/p-) 



02 



P3 



UlogXG=U logXj^/ 

- E,ec H%Fmip),m,vv, {f; ® -ffei)/p"^) 



6*4 05 

/-Hco/ie(G')®('=+j) ® co/ie(G„)®(-^)}/p™ ^ co/ie(G')®('=+^) ® co/ie(G„)®(-^) ® Om/p"* 
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UlogXG=Ulogx, 



P2 



Pi 



— E,ecH\F^,^.,T, il)/r) 

U log XG 



05 



PS 



■colie{G"f''0Orn/p' 



In the last line of the above two diagrams, we denote Om^v — , , „, 
= E,,ec ^F^(,),m,^v and denote Fm,v^ = F„,(p),m,v^. The maps in the diagram are: 
P2i-i,i = 1,2 are / o res; p2i~i,i = 3,4 are / o inclu; p2 is U(C^)®'^~-'^ where is 
the basis of Tp*{E') we fixed in our study of coleman power series for elliptic units; 
P4 = pe are composition of map U^^^'^^"-'^ with the map induced by multiplication by 
{Q'py{a')~^ and pg is tensoring with o;'®^"-'^ (8) + the maps 9iS are the same 
as used before in section 5.1. Note p2i,i — 1, . . . ,4 are isomorphisms. By the same 
argument as in lemma 19 (2), we see that ker{p^ is killed by for some integer e 
independent of m for all m big enough; and since Vp = Vp{e^^^), following the same 
proof as in lemma 19 (3), we can identify px the source space of py as the t'^^^ part 
of the target space under the action of corresponding Galois group. | p place 
of /Too, say ^ = f"^, r e £>, 

Pi{SQ,m{u^)) = XI f{'^(^Sm{u^)) 

We also have P2{(tS'^{u^)) — 'ip''' [a)aS'^{u^)^\/a where again we denote S'^{u^) — 
S'^{u^) U (Cm)'^*'""'^- Applying proposition 2 and 3.3.11 we get equality in 



(5.1.22) 



{k-l)\ 



n' 



m(p)yj-*m 



TT 



,L',aV'®'=} (5.1.23) 
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where we denote B as Gal{K{Qp*"')/K{Ep.m)) which comes in with the coleman 

- '* 

power series. Using the diagram we get equahty in X^r^ec -^^(-^m(p),m,i;'), (^p <8) 
Joo/^ci^'^^Vp'") (compare 5.1.9) 



CP4 O p3 O ei{So,rn{u^)) 
= c6'3 0p2 0Pl('S'o,m(w<p)) 

(TeGai(F^(p),^,„/i<'p)xC 

Hence we get equahty in X^^g^ -ff^(-^m(p),m,w'j, (Tp (8 Joo/</i^^^')/P™) (compare 5.1.10): 
c/>3 o 9i(Si:;:(«^)) = p{-12ci!;ia'-^^^^^(V)-»*)'(x')-'-'"" 

^ e'-^^(r.)V:-'(r<.)£;r( ^,„.,"'^„.„ , i', (5.1.25) 

where X = Gal{F^(^p^^m^y/ Kp) x B x C. It is easily seen that 

Hence there is some element , namely: 

, /-Hco/^e(G'')®('=+^)®co/^e(G^)®(-^)} 

/ (pA,„,rtI7 ) e ^^^^ 

that maps to pA^^T under pj. Then by left half of the commutative diagram and the 
fact that ker{p3) is killed by we get equality in H^{Kp, {T* ® Joo/ ^i^^^Vp"") 

5^P^+'c^i(:V^(«<p)) = $^/-^(p^+^yl^,.tu') UlogXG (5.1.26) 

<P|p TED 
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Now we rewrite Am,T, applying the same method from last section to E' . Let 
W he a set of integral ideals of K prime to fp such that ^^ ^iBP'^^'^^P™)/^ ^ . (. g ^yj. 
describes precisely Ga/(A'(0p™(P)p*'")/Ar). The result is: (compare 5.1.20) 



mod p"^-"*o-m(p)j-m(p)A; 

(5.1.27) 

here in the last equality we used the fact that "0' = -06 and e is a finite character, 
hence -^'e = ip and e^'^'^ip'^i/j' = Also when we apply the analogue of 

5.1.17, wc have to replace m — j — khym — m(p)j — m{p)k since wc arc considering 
E^j,k{^'/7r'"'^'^h'*"',L') now. Recall f*oj' = ru;J-\n'^) = rQ^, we see 

The only dependence of the right hand side of 5.1.27 on m is tt'*"^^ term, and again 
we can apply the trick before to tt' and conclude 

J2 exp\So{u^))/w = -12a'-^ fy^X n^^^^'^g'+^iNa - ^'=^-^(a))L,pp.(^'=+^ k) 

(5.1.28) 



5.2 p is nonsplit 
Theorem 5. 3a E 0*j^,d e 0*j^^ 

J2 exp*{So{u^)) = d^fa-^ (^^) ' ^^'''{^cx - i^^r'{cx))L^{i^^+^ , k) (5.2.1) 
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Proof. Here we will just argue for the case p is a good reduction prime for E. Notice in 
this case there is only one place of lying above p. We deal with the bad reduction 
case in exactly the same way as in the case p sphts and is a bad reduction prime, 
namely we apply what we do in section 5.1 for F, E\ etc. We need the following two 
commutative diagrams: 



pi 



01 



[k] 



H\Kr,,.,{T;®j^)/r) 



H\K,,{T;®-^)/r) 

U log XG 

H%K,, {T; -^)/p") 



P3 



P5 



U log XG 



"P j^' 



m{K^,,,T;{l)/p-) 



[fc] 



h\k^,,,{t;®^)/p-) 



UlogXG 



p ^ Jlk+1] 



)/p") 



P2 



P4 



P6 



i?Hi^n,.,T:*(l)/p") 



H\Kr,,,,{T^*®^)/p-) 
H\K^,,,{T';®^)/p-) 



colie{G)®^^+^^ (8) coHe(G^)®(-^') (g) Oif„,Jp" — ^ colie{G)®^ ® Ok^^Jp^ 

Remark 14- Note the subtle difference between this diagram and the one used before 
for p splits case. By our calculation in the case j — 0, e.g 4.2.4 and 4.2.2, we see 
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exp*{Sn{uy))/zu e Kn^y has p-valuation bounded independent of n, where u is a 
generator of module of eUiptic units. It follows we have (compare lemma 5) 

Lemma 20. Let m{Kn,v,T'^^-''\l)/n"') be the submodule of H\Kn,u, T'^^~^\l) /n"") 
generated by (image of) Soule elements Sn,m{u) G H^{Kn^v^T®^~^\l)/T:'^), Mu e €oo- 
Then there 3c independent of n, m, and 39, which make the following diagram com- 
mutative, for all m> n: 




logXG 

[fe] , j[k+lh 



coUeiCr' ® OK^Jn-^^H\Kn,y, {T^(-'^ ® J^^^ / J^^^'^/n"^) 



where \{{sIM) = c/{k - 1)! Tf-^'^cc;®^ ® {{^)Hog{(i)-^{gu,^))}{Q and Os is the 
natural map induced by / J^^^ Joo/J^^^- 

Here the map A can be thought of as the finite version of dual exponential 
map. We will only use the case n = m of the above lemma in the following. If 
we were able to prove analogue of proposition 3 (c) in the case p is nonsplit (i.e 
c(n) in lemma 5 is independent of n), we do not have to use iJ^(i^'p, T*(l)/7r™'). 
On the other hand, if c{n) oo (e.g grow like p^), then it implies that the index 
of submodule generated by Soule type elements comming from elliptic units inside 
H^{Kn^y,T*{l)) / H^^[Kn,y,T*{l)) also tends to infinity as n ^ oo and then we might 
not be able to define A on the whole H^{Kn^y,T*{l)/T:'^). Anyway we conclude 
following identity (compare with 3.3.11): 

'^)'=log(0-"(y.,,))}(U) 

(5.2.2) 



[k-l] 
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In the diagrams at the beginning of this section, 63 is the composition of 
6 with multiphcation by Jl^o;"-' on / J^'^^^ / p"' . 62 is induced from 9 to make the 
following diagram commutative: 



P2 = U^n^en^~^^; p4 = pe are the composition of U^^^en^~^^ with the map induced by 
multiphcation by Jl^o;""-' ; ps is tensoring with o;®*^"-'^ (g) + s)®^ . It is clear that p2 
and Ps are isomorphisms while the kernel and cokernel of p^ and pe are killed by some 
fixed power p'^ of p (can take d to be the p valuation of Q^). pi, Ps, P5 are restriction 
maps and p7 is inclusion. 9i is induced by Zp(l) ^ Jqo (the same map we used when 
p splits); 9i, i = 4,5,6,7 are maps in 3.3.5 and 5.0.4. 

Notice now we can also make sense of the map: 

mult by ni mod : J^/JI^+^Vp"' ^ ^i^V^l^^'Vp"^ 

as it is well known that V/c e Z, / J^'^^^ has an module structure. Define bk 
so that the image of following map is p^'^Oc^- 

Jl^lJl^'^^O^^, (image of t^) ^ 1 

Lemma 21. (1): ker{pi) and ker{p3) are killed by p^ where e is an integer indepen- 
dent of n; 

(2): after multiplying by p^ where b is independent of n, we can identify the source 
space of pj with the Gal{Kn,v/ Kp) invariant part of the target space of pi. 

Proof Recall T; = C»p(V'-'=-^x'cycio)- Since Gal{(^p/Kn,v) acts trivially on T;{l)/p^, 
we get 

ker{p^) = H\Gal{K^,jKp),Op{r])/p^) 

where 77 = '^p'^~^ xlycio mod p" which is a nontrivial character of Gal{Kn^y/ Kp). 
Clearly this is killed by a power of p independent of n (only depends on k,j,ip). 
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Hence (1) for ker{pi) follows. 
We know 

ker{p3) - H\Gal{Kr,jK,),H'{K,,,,,T; ^ Joo/ ^I^+'Vp")) (5-2.3) 

Hence by obvious exact sequence, to prove the claim for ker{p3), we just need to 
prove that some power of p independent of n kills 

H\Gal{K^,,/K,),H'{K^,,,T; J«/J[^+^Vp")) 

for each l<i<k. Recall M/J^J^^^ ^ P^'Oc^ under the map A above. By definition, 
the action of Gal{Qp/Kn,v) on T* (g) J^/Jto^^Vp" is trivial. Hence as Gal{Qp/Kn,v) 
modules 

By the following obvious exact sequence (note Ocp/P" — C^Q^/p"): 

i/°(ir„,„,/'OcJ/p" h'{k^,,,t; ® Ji/J[;+Vp") - H\K^,,,p'^o^^) 

together with pH^{Kn,v, ^Qp) = ([H] theorem 3), we conclude that 

T; Ji/Jl+'^/pn = p'^+^Oi.^, Jp" (5.2.4) 

as H^{L, OcJ = Ol for any local field L, by [7] 2.2.4 (3). 
Hence we just need to prove 

p'H\GaliKn,jK,), Jp"(0i)) = 0, VI < i < A; (5.2.5) 

for some d independent of n, where (f)i = ■'Xcycio ™od which is a nontriv- 
ial character of Gal{Kn,v/Kp). This follows immediately by applying lemma 11 to 
Kn,y/Kp. Hence (1) for ker{p^). 

Finally, since we have the following obvious exact sequence: 

where G — Gal{Kn^y/Kp), we see to prove (2) in the lemma 21, we just need to prove 
that kills H^{Gal{Kn,v/ Ki^y), Cx„,^)- This follows from lemma 10 we have proved 
before. □ 
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Remark 15. Sen's result (i.e lemma 9) exactly deal with wildly ramified field extension 
case (as we are in now). The unramified or tamely ramified case is trivial. 

Now we arc ready to prove theorem 5, using the 2 commutative diagrams at 
the beginning of this section. By definition, we see 

P2° Pl{SQ,n{Uv)) ^ P2{ 5^ (TSn,n{Uv)) 

= XI {(t)(T Sn,n{Uv) 

(jeGal{Kn/K) 



where we use Sn,n{uv) to denote Sn,n{uv) U ^®-^e ^ which is just the image of norm 
compatible units in H^{Kn,^,Tp{E)®^-^\l)/p'') defined just as we did in defi- 
nition 4 case j = and p is a good reduction prime. Again using proposition 2 and 
5.2.2, we have equality in H\Kn,v: {T^* (g) J^^V-^^^^Vp"): 

(5.2.7) 

Here we use C to denote Gal{K(E^n)/ K{Epn)). By 5.2.6 and 5.2.7 and using the 
above diagram, we get in H\Kn,v, {T'* J^^^ / jt^^^)/p'') 



O3 O P2 O Pl{So,n{u^i)) 

aeGal{K„/K) 

= -12 J2 p{cnia-^T^^7:--'^'{ra)Er{^,L,a)u;^^^ (5-2.8) 
- -12 /'{^^^«"^'7^^""'V^^»^^^(^' ^' «)^^'} 
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Since ker{p^ is killed by some p*^, with d independent of n, it follows we have equality 

in H\K^^,, {t; ® Jo,/j1^+'1)/p"), 

^ ^' aeGal{Kfp«/K) 

Since aQp — '4^{a)Q,p,\/a e Gal{Kn/K), we see that G ^Kn,v/P^ fixed by 
Gal{Kn/K). Hence by lemma 21, (2), we see p'^AnW is in the image of pj and by 
the commutative diagram, and also lemma 21 (1), we have equality in H^{Kp, {T* (g) 

p'^+''+%{cS^M) = p'+'+'A^w U logXG (5.2.10) 

Lemma 22. Let p \ p and p does not split. Suppose (f, p) = 1 and v be a primitive 
fp" torsion point of L which is the period lattice of E with good reduction at p. Then 
Tr^Ei{v, L) and T:^E_j^]^{v, L) are p integral for < j < k,k > 1, where tt = ■0(p) is a 
uniformizer of K at p. 

Remark 16. Analogue of this in the case p splits can be found in [3] 3.3 (i.v). We 
need this to make sense of congruence like 5.1.17. 

Proof. First prove that Ek{v, L) is p integral, \/k > 3. The point is one can easily 
verify from the definition that Ek{v, L) = (— l)'^P'^^~^)(v, L). But since ^; is a primitive 
fp" torsion point of L, e{v, L) is not in the kernel of reduction modulo p map, where 

£(-, L) ■.C/L^E,z^ {x, y),x^ V{z),y = V' {z) 

Hence its x and y coordinates are integral at p and by an easy induction we get 
'P'^^-'^) {v , L) is also integral at p, for all /c > 3. Note this argument holds for p 
splits as well as for p which is nonsplit. Now when p nonsplits, in [14], Yager proved 
by a careful study of congruence arising from formal group Ep that p'^Ei{v,L) is p 
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integral (see cor 3.6 of [14]). To deduct this from his cor 3.6 just notice his Un — 
-27'(rioo/7r")/P'(lloo/7r") hence is p integral. 

For k — 2 case, we can use a trick by de Shalit [3] P60, (10). Finally we use 4.1.9 to 
conclude E_j^k{v, L) is p integral, for < j < /c, /c > 1. □ 

Yager has proved stronger results: Let Vn — ^oo/ f^^^ — JI/tt", then 

/7r"Ei(^„, L) = f7r^+'E,{vn+i, L) mod p"-^ 

and so 7 =^ Irnin^^ fn^Ei{vn, L) exists. In [14] prop 4.5 and th 5.5 Yager studied 
Galois action and p valuation of 7. It turns out they coincide with those of ftp. 
Thanks to his result, we know now 3d e O'^^ such that Qp = dj and hence 

Qp = (i/7r"£;i(0/7r", L) mod p""^ (5.2.11) 

By 4.1.9 and lemma 22, we get: 

(/7r"£;i(^;„, L)yEk{vr,, L) = {fTry E_j,kiv„, L) mod p" 

^^^7r-"'=QjV'^>,)£;rK,^) 

^ (^n, L) mod p" 

= j^^;^''''d^{h''yE-i,km)vn. L) mod p" ^^-^-^^^ 

= d^rc[^^ \-^-^L^n{i^^+\a,,k) modp" 

where in the last congruence we use 4.1.10, with VL = Vn = f^oo/ Jt^^i Tn = fp" and 
c = b. Now combining with 5.2.9, we get 

A^ = ca-^d^r E (^) 'r2-^-^N(a)Lfp.(V^'=+^a,^) 
- (^'=V;-^)(a)Lfp»(VS''+^ (Ta«, k) mod p" 

= ca~^d^f ' ^^;;'-'(N(a) - {i^^r'){oc))L^{i^^+\ k) mod p" 

(5.2.13) 
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Call the right hand side to be cA which is independent of n. By 5.2.10, we have: 

exp* {p'+'^+'^cSo {u^))/vj = p'+'^+'^cA mod , Vn > 
where b, c, d, e are constants independent of n. Hence we conclude: 

exp\S,{u,))/w = d^a-^f (^^^ ' ^^;o'"^(N(a) - {^|;'^|;-^){a))^,{^|;'^\ k) 

(5.2.14) 
□ 
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CHAPTER 6 
SHAFAREVICH-TATE GROUP 



Recall p-adic realization for M.k,j is 

\QpM®Qp{Vp') if P splits 
Vp= < (6.0.1) 

I ii'p(</7p) if p does not split 

We will consider p splits case and p nonsplit case separately. It does not matter 
whether p is a good reduction prime for E or not. 



6.1 p splits 

Define 



(6.1.1) 

Here is the reason for the last equality: 

• First we have restriction map H^iQ, Vp/Tp) ^ H^iK, Vp/Tp)^"^^^/^'^ and since 
H'{K, Vp/Tp) = H\K, Qp/Zp{ip,)) ® H\K, Qp/Zp^) 
where r e Gal{K/Q) acts by swapping the two factors, we have 
H\K, Qp/ZpM) ^ H\K, Vp/Tpf^''/'^^ 
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under which 9 9®t9. The same argument apphes to local Galois cohomology 
groups aX, y \ l and I is nonsplit: 

Hence in such case we have the following commutative diagram: 
^^(Q, VJT,) -4^ H\K, VjT.^'^WCi) H\K, 

res res res 



(6.1.2) 



In the case / ^ p and / splits in K/Q, say / = lyiy*, we have the following 
commutative diagram: 



H\Q,Vp/T,) 



( res,res) 



where in the bottom row we use identification: 

H'{K,,Qp/'Z'pM) = H'iK^^Mp/'Z'pM) 
Prom this diagram it follows that 

Ker{H\Q, Vp/T^) ^ H\Qi, Vp/Tp)) 

similarly we have commutative diagram: 

i/i(Q, Vp/Tp) ^ > H\K, Qp/Zp((^p)) 

res ( res,res) 



(6.1.3) 
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where the bottom isomorphism is because Hj{Q,p,Zp{(fp*)) is finite torsion 
group. 

We see from these that we also have the following: 

H\Qi, Tp ® Qp/Zp) H'iQp, Vp/Tp) 



{Cli,Tp)®Qp/Zp ifi(Qp,Qp/Zp(<^p)) 



^ Ker H\K, Qp/Zp{<p,)) ^ J] H\K,, Qp/Zp{^,)) 

(6.1.4) 

We have by definition : 

^Sd{v) ^S'(v) (6-1-5) 

where Ap = //)(Qp, Zp((/?p)) ® Qp/Z^ C = //^(Qp, Qp/Zp((/?p)). We are going 
to relate S' {ji) to familiar objects in Iwasawa theory, and find the exact difference 
between Sel{p) and S' {p). 

Lemma 23. S' (p) = ifom(Xoo, Qp/Zp(</?),))'^°° where Xoo is the Galois group over 
of the maximal p-abelian unramified outside places above p extension of K^. 

Proof. First note H^{Goo, Qp/Zp((^p)) — H'^{Goo: Qpf^pi^p)) = as p-cohomological 
dimension of Goo is 1, and that 1 — a acts invertibly on Q,p{(fp) where cr is a generator 
of Goo- So restriction induces an isomorphism: 

H\K, Qp/Zp{ip,)) - H'{K^, Qp/Zp{ipp)f- 

It is well known from criterion of Ogg-Ncron-Shafarcvich that E has good reduction 
at all places of K{Ep) not lying above p. For place \ ^ p of K, let Ix be the inertia 
subgroup of Gal{K\/ K\) and let = n Gal{Q,/ K^).T\ien l'^ is of finite index in 
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I\ and [Ix : l'^] is prime to p since ^{{Gal{K{Ep)/ K)) is prime to p. We have the 
following commutative diagram: 



P2 



Hom{l'^, Qp/Zp{cpp)) 

where X^^ is the Galois group over K^a of the maximal p-abelian extension of K^. 
The map pi is injective, since 

Ker{p,) - H\Kr/Kx, Qp/Z,(^p)^^) = 

This is trival when (f, A) = 1 as then Qp/Zp{(ppy^ — Qp/Zp{(pp) is divisible. When 
(f, A) 7^ 1, then since (pp factors through K{fp^) , so <Pp{l'x) is a nontrival finite 
subgroup of Op. Since 1 + pOp has no torsion, we see <Pp{l'x) ^ 1 +pOp which inphes 
again Ker{pi) is trivial. Note p2 is also injective, as ^{Ix/l'^) is prime to p. Prom 
this diagram, we see that 

S'{p) ^ Hom{Xoo: Qp/Zp{<pp)f'- ^ Hom{E^/€^, Qp/Zp{ipp)f'- (6.1.6) 

where the second isomorphism comes from the class field exact sequence: 

^^/€^ ^^oo/C^ ^^oo ^^oo ^0 (6.1.7) 

where A^o = limir^/^^^ C/(F). Using Main conjecture in Iwasawa theory for K as 
proved in [10] 4.4, applying the 1 variable version when j = and 2 variable version 
when j > 0, we get the second isomorphism and we know from this S' (p) is a finite 
torsion group as E^/Coo is a torsion A module in this case (p splits). Hence by 6.1.5, 
Sel{p) is also finite and so Sel{p) = |J(p)- By the way this also gives us A(Q) is finite 
torsion in our case, since A(Q) <SiZp — -f^/spec(z)(Q' ^p) which is finite as 

Hi,speciz)iQ, Tp) ® Clp/Zp ^ Selip) (6.1.8) 

□ 
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Remark 17. • Lemma 23 and its proof, except the second isomorphism in 6.1.6 
holds word for word in the case p is nonspht. 

• One can prove in the most general situation that \_\{p) is finite. The hard part 
is to prove it is for almost all p and to hnk the order to special values of 
L functions. Lemma 23 enables us to do so for S' (p) by the well known link 
between Soo/^oo and p adic L functions of K. This had been done in both [5] 
and [6]. In our approach we do not do this, rather we note ^{S' (p)) will cancel 
another term in Tamagawa number formula 2.2.6. Now we just need to pin 
down exactly the difference between Sel{p) and S'{p). 

For this purpose we need a more refined version of 6.1.5 as follows. First a general 
remark: Let 1^ be a p-adic de Rham representation of Gal{Q/Q). Then 

where Sp = {I : Vp'is ramified at / } U {p} and Gsj, is the absolute Galois group of the 
maximal p extension of Q unramified outside places in Sp. This follows from the fact 
that 



C i7i(Qr , Vp/Tp) = Hom{Ii, Vp/Tp), V/ ^ Sp 



H}{Qi,Tp)0Qp/Zp 

by definition. Now back to our case Vp as given in the beginning of this section and 
p splits. Consider the commutative diagram: 

0^0 H\Gs,, Vp/Tp) ^ H\Gs,, Vp/Tp) 





A 




(Qz, Vp/Tp) 


i^)(Q(,Tp)®Qp/Zp 



n ^ ^ ffi, c ,^nQz,V-p/Tp) ^ fn, ^ ,^ g^Qz, Vp/Tp) gHQp.Vp/rp) 



V 



It follows from this by snake lemma that 

^Sel{p) ^S'{p) ^ ^ ^coker{X) ^coker{res) ^0 (6.1.9) 
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We also have the following variant of the Poitou-Tate exact sequence: 

Sel{p) > H\Gs^, V,/T,) ®ies,H^^^^ 



— H\Gs,, vjT,) ^ i^),3pec(z)(Q, T;{\)r ^ ®iesH\q,, t;(i))v 

where (— )^ means the Pontrayagin dual. If we apply our argument of finitness of 
Sel{p) to similarly defined Selmer group for T*{1) everything still works, in particular 
we will have 

S'{t;{1)) ^ HomiXo,,Qp/^pi<f;'Xcycio)f'- 

except in this case </^p ^Xcycio = V'p^'^ '^Xcycio ^® have to use 2 variable version of 
Main conjecture even if j — 0. We conclude Sel{T*{l)) is still finite and hence 
^/,.pec(z)(Q'^p(l)) is also finite torsion whose order is #((T/*(1)/T;(1))«Q). Since 
p* is onto, it induces an isomorphism of coker{X) onto Hj ^^^^,^2-^{Q,T*{l)Y . In par- 
ticular, #(coA;er(A)) = #((V;*(1)/T;(1))«Q). Now {A'^A^y = i/)(Q„ Z,(^p V)) is 
a finite torsion group which has order 

5, #(/7°(Qp, Q,/Z,i,l;;'-^x'-'n)) (6.1.10) 

In order to prove coker{res) — 0, by 6.1.9, we just need to prove that any representa- 
tive of coker{\) can be changed by an element of A^p/Ap so as to lie in Im{\) which 
by the Poitou-Tate exact sequence, it is enough to show that p* maps A^p/Ap onto 
Hlspec(7.){^^T;{l)y . But we see that 

p--Hlsp,ci7.){Q.T;{l))^{Xp/ApY 

It follows that p* maps Xp/Ap C ©,e5pi/^(Q;, 1/p/Tp)/(i/)(Qi, Tp) ® Qp/Zp) already 
onto -ff/spec(z)(Q' (1))^' hence the map "res" is actually onto. Hence by 6.1.9 we 
have 

i^{Hom{^^/€^, %/Zp{^,)f-)-'5p = #((1;*(1)/T;(1))««)#(U(p))-i (6.1.11) 
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6.2 p is nonsplit 

Here the basic idea is still try to apply Iwasawa Main conjecture for p non- 
split case ([10] 4.4 (ii)). The proof will be somewhat different from p splits case and 
it is essentially due to Rubin who dealt with the case k — 1, j — 0. In this section, 
Vp — Kp{ipp). First consider 

Lemma 24. Sel{p) = 5(p)Gai(i^/Q) 
Proof. This follows from: 

• if / splits and I ^ p, say / = uu*, the following diagram commutes: 

H\Cl, Vp/Tp) S ^ H\K, Vp/T,r<^l^) 

res (res, res) 

where p{f) = {f,T{f)) is injective. 

• by definition of Hj, the restriction map gives isomorphism: 

which induces: 

H}{Qp, Tp) ® Clp/Zp ^ Hj{Kp, Tp) ® K,/0,f<''^/°^^ 
and the following diagram commutes: 

^^'(Q, Vp/Tp) S ^ H\K, Vp/Tpf<^/^^ 

res res 

H^(0 V/T)/(Hl(0 T)(X)0/Z)^^( )Gai{Kf/Op) 

K^p: ^pI lp)l \njy\4p, Ip) >i9 \4pj /Up) \H){Kp,Tj,)<^Kp/Op ' 
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• if Hs nonsplit, ly \ I, then 

^^(Q, v,/T,) H\K, 

res 



□ 



Define 



As remarked in last section, restrction gives: 

whicfi induces S' (p) = Hom{Xoo: Kp/Op{ipp))^°° . It is clear that 

Now unlike in the case p splits, X^o is no longer a torsion A module. Yet we 
can still apply Main conjecture as follows. 

Write Goo = F x A, where A = Gal{K{Ep)/K) is a finite group of order 
prime to p. Let x = ^ \a- We have seen: 



H\Kp, Vp/Tp) ^ Hom{E^, Kp/Op{ipp)) 
Hom{E^,Kp/Opi^p))'^ 



Denote 77 : H}{Kp, T^) ® Kp/Op ^ i/om(S^, Op{^p)Y . Recall = where 
and are free rank 1 A module with 5(S^) = for a generator 5 of the image 
of 77. By 6.2.1 we see that 

S{p) = {/ e i/om(S^, : e Image{r^)} (6.2.2) 
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Now since we have calculated in previous sections that 5{u) ^ for u e €00 our chosen 
generator. Hence S =^ S^/(S^, Coo) is a torsion A module. Let X be the quotient of 
by the image of under the class field theory map: 

"00 — "00 "00/ '^oo -^00 

then by 6.2.2, we have 

S{p)=Hom{k,K,/0,{ip,)f 

Now for out fixed k,j, assume nonsplit prime p satisfies that x — V'p^'^X^cIoIa is 
nontrival, (note this is the only place in the paper where we use this assumption on 
p. One should be able to remove this condition in the nonsplit case of Iwasawa Main 

conjecture as proved by Rubin [10]) we can then apply [10] theorem 10.6 which gives 
via 6.1.7 (sec [10] 11.13) Char{X) = Char{^). By [10] theorem 5.3 (v) and theorem 
11.12(ii), X and S has no finite torsion submodule, hence 

S{p) = Hom{El/{E','€^),K,/0,{ip,)f (6.2.3) 

6.3 Putting everything together 

Before we finally deduce our main theorem from all these computations of 
exp*, let us remark on the constant Na — {il)''ip~^){cx.) that always comes up in our 
formulas: Va, {a, fp) — 1, 

Na - {iP'ip-')icx) = -,p'i^-^icx){l - V^-Vxcycio(a)) 

Since ip{cx.) is a generator of a, hence -0*^-0 "■' (a) is a p unit. It is clear we can choose 
an integral ideal a such that 

|Na - (^l;'r^)(cx)\-' = #{H\K„ K,/0,{r'i^^Xcycio))) (6.3.1) 

Now to finish the proof of the main theorem, or to verify both sides of 2.2.6 have the 
same p valuation, for p 7^ 2,3 and p\ dx, we just need to observe: 
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1. when p splits, this follows from 3.3.2 4.2.4, 4.2.7, 5.1.3, 5.1.21, 5.1.28 and 6.1.11. 
Also notice the constants /, g or a, a in these equations all have p valuation 0. 
Note 



\PpivA)\;' 



|a|;i#(//°(Q„Q,/Zp((^pO)) 



and 



X 



#(i/°(Qp, Qp/Zp((/9p.))) exactly takes care of L{'4)^^^ ^k) and 



by above remark, \1^ol — {ifj^il) ^)[cx)\ ^ cancels the term 5p that comes in 

*{v;{i)/T;{i)f^mU{p))-'). 

2. when p is inert, p | p, we have proved so far: under expx^ : DR{Kp, A'p(y?p)) — > 
Hj{Kp, Kp{(pp)) we have 

exp(L/L° ® Op) = aH}{K„ Op((^p)) 



and by 4.2.4 4.2.7 , 5.2.1 and 3.1.7, we see 



27r 



(6.3.2) 



Here again we do not care p units a, d, / (or 51) .We have commutative diagram: 
DR{K,, i^p(^p)) !^ li){K,, KM) 



inclu 



DR{Q„ K,{cp,)) ^ H}{Q„ KM) 

By this diagram wc view the second row as the Gal{Kp/(^p) = Gal{K/Q) fixed 
part of the first row. Note 
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hence we get 



K 



27r 



X #(i/omG^(Soo/(S^, Coo), K,/0,{^,)f'^^^^/'^'^) 

(6.3.3) 

By 6.2.3 and lemma 24 , we get 

Hence we get both sides of 2.2.6 have the same p valuation when p is inert. 

3. when p ramifies, all our computations on exp*{u) and #(|J(p)) still holds, the 
only discrepency is the term \^dK which seems to have different power on both 
sides of 2.2.6. 
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